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1. Introduction

The Riemann-Hilbert (RH) method, based on inverse scattering theory and considered a modern version of
inverse scattering methods, offers an efficient solution approach. RH methods find wide applications for solving
soliton solutions and analyzing the long-term behavior of integrable systems " *. RH method also plays a vital
role in diverse fields like infinite-dimensional Grassmann manifolds, quantum fields, statistical mechanics
models, holomorphic vector bundles, combinatorial mechanics, orthogonal polynomials, and random matrix
theories .

This paper employs the RH method to solve the variable coefficient nonlocal GI equation and successfully
provides a determinant representation for N-soliton solutions. Section 2 introduces a class of variable coefficient
nonlocal GI equations and validates their Lax pairs. Section 3 conducts spectral analysis on Lax pairs to establish
the RH problem for variable coefficient nonlocal GI equations under specific boundary conditions. In Section 4,

the paper derives a solvable regularized RH problem through transformations. Finally, the study obtain a series of
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soliton solutions for nonlocal GI equations and provides visual representations of these solitons.

2. Variable coefficient nonlocal GI equation

In reference, the paper first proposed the GI equation in the following form "

i, + u,, — iuCul +%u3u*2 =0 (1)
Equation 1 is a third-order derivative nonlinear Schrodinger equation, also referred to as the DNLS III

equation.
The nonlocal form of the GI equation is presented in Equation 2 ',

(X, t) + g (xt)+ iu” (x, )y —x, —t) + %ug (x t]uz{ —x,—t)=0 2
This paper studies the variable coefficient nonlocal GI equation, which has the following form.

fu(x, t) 4 () (x, t) + i6()u’ (x, Hu(—x, — 1) + %5(t]u3 (x,u*(—x,—£)=0 (3)
The Lax pair is given by Equation 4.

{ ¥, +il’a, ¥ = U¥, 4)
W, +2iA*8(t)a¥ = V¥
Where

— 1
U=AiQ —;:‘@253

-~ 1 1 1
V = 5(t)(24°Q +i12Q%03 +iAa3Qx +50.Q —5QQx +iQ%03)
With

a3=(3 _':'1),@=(u{_2,_:] H{TJ’@)

3. Construction of the Riemann-Hilbert problem

Making a transformation,
& = Weilloyx+2ia3dith (5)
then the Jost function € (x, t; A) has the property
P(x, t;4) ~ 1, |x| = @ (6)
and it satisfies the Lax pair
{ ¢+ iA2[a,, ®) = U, (7)

®, + 2id*5(t) [0, ] =V

where [a3, @] = o3P — Po
The Lax pair in Equation 7 can also be expressed in differential form as follows:

d{eiﬁ'(x,c:.i}ﬁg :;b] — Eiﬁ'(xm:.l}ﬁg {:M g;b] (8)
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With M = Udx + Vdt,8(x, t; 1) = A2x +2246(t)t

Integrating Equation 8 from ( + oo, t) to (x, ) to get

. =1t [7, e FEIRTE, 5 )2, 5 AL )
where %34 = 734~

[€, ], denotes the k-th column vector, and k = 1,2. It can be seen that [#_],, [#2], are analytic for 4 € T,
and [, ],, [#_] are analytic for A € C_ Here

C, = {.rll arg A € (D,E) u (T’E,ETTI)} C_= {Al argd € G,H) U (STﬂ,Eﬂ)}

The study defines 4 = g—itla 3%, it is easy to see that ¢¢_ ] and ¢ 4 are two different solutions of the Lax
pair in Equation 4, and they satisfy

¢_A=®,A5(A),A ERVIR (10)
where the scattering matrix S(A) does not depend on x and t.
From Equation 10, the derived scattering matrix S(A) satisfies

5{_,1} = limA~ ¢ A=I4+ j_"';-’f“ E[.sz'-ffg Er{x" t: A)@_dx"ﬂ' ERUIR (11)

x—+t+a

According to the analytic property of @, the study can deduce that S,, is an analytic extension in C, and S,,
is analytic in C_. A new Jost solution P" can be defined as

Pt = ([&_],[®.],) = ¢_H, + . H, =&, A cﬂ 2) 2t (12)
21

P’ is analytic in €, with the asymptotic behavior.

Pr(x,t; ) =1, AEC:— @ (13)
Similarly, P exhibits the following form:

- [#7%], -1 -1 Sz2 T S12Y 11 (14)
P =([¢11]z —HeTt+Het =A(C) [ P)ates

P is analytic in C_ with the following asymptotic behavior:

P (x,t; )= LAEC. - @ (15)

The above analysis reveals that P* and P are analytics in €, and ©_ respectively. Therefore, an RH
problem can be constructed as follows

1 — 832

_+= H =
PP* = 0(x,t; ) A(Sn 1

)A—i AERUIR (16)

Next, the study analyzes the scattering data in Equation 10 and obtain

5, = limA™'e_,A (17)

Xx—ar

Inserting ¢p_ = ¢, AS(A)A~ 1 into Lax pair in Equation 7 and considering V — 0as x =+ @, the study
can derive
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5. +2i1*8(t)[o5, 5] =0 (18)
Expanding the Equation 18, the scattering matrix data is obtained as follows:
Sie = Sz = 0,515, +4iA%8(t) = 55, — 4iA*6(t) =0

4. Regularization of the Riemann-Hilbert problem

Defining the operator L
1- g
=1 2= (% e ®
The study can verify that
T (xA) =2 (x,A),AERVIR (20)
And
(P (A*) =P (A),A€ RUIR (21)

In the previous section, the study proved that S;, is independent of time. It is obvious that S;;(A) is an
odd function. For every zero point A,, there must exist another corresponding zero point -A,, where £=1,,2,..N
Assuming all zero points are simple, then (P'(£A,)) and ker(P(£)*%)) are one-dimensional spaces produced by

v, and {v,. The |v,) and (v, are single-column vectors and row vectors, respectively. Here [v,) = (v,|".

Obviously,
PY (A ) =0, (wlP(4) =0 (22)
To obtain the regular RH problem, a matrix function is constructed

= [ 4% _ BT 23
Ted) =T+ A, ArAp (&)

where Y (1) is a meromorphic function with two simple poles A =+ A7 in C_.
After direct computation, the following is obtained

-1 _ at _ 03.41{;3 (24)
N ()=1+ A=l A+

Moreover, the following is obtained

det (PH(A) Y5 1(A) £ 0),1 =+ A det (Y (AP~ (1) = 0,1 =+ A}
The Y (A) and Y~1(A) have the following expansion:

Y() = II2, @), Y () = ., Y (D) 25)
The study defines

P(A)=P (AT (A), P(A)=Y()P (1) (26)
then, a regular RH problem can be constructed as follows:

P_(AP(A)=YA)GADY YA),AERVUIR (27)

Therefore, noting the canonical normalization conditions in Equations 13 and 15, the study can derive the
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solution of a non-regular RH problem in Equation 16 as

PY(A)= P (DY), P (A)=Y"YOP_(A) (28)
Where only the simple zeros problem is considered.
According to Equation 22 and the analytic property of P,, the study has Y(A;)|v;) =0 and

(v |Y1(A;) = 0, indicating that 4, is linearly related to (17| Through direct computation, the following is
obtained

1 a, 0 = A, 0O
a=2E (T ) womnlait = ol (G ) w 29)

Where [wy.) = Yy (A) =Y 1 (A ) v ).

5. The soliton solutions

Based on the analysis above, the study is prepared to determine the soliton solutions for Equation 3. According
to the expansion of T;l (A) and 4, there exists a series of vectors |, } such that
Resyzz, Y™ ()= lim(A— )Y " (A) = |va){lil (30)
AL

where (I | = | ).
Considering the symmetric property

o3 Y (A)oz = Yi(— 4) @31
The study can derive the compact form of ¥ (1) and Y~ ( 1) as follows:
1 1
_ N B a3 Brpay _ By o3 BL03 (32)
Y= 1+, (- 282) v @) = 1451 (— +—)

where By, = |l Mvy .
According to the identity Y{A)Y~1(A) = Y~ 1(A)Y(A) = I the study has

Res;—;, Y ()Y () (33)
The study can derive
Y(4;)B, =0 (34)
which indicates
I W a3l lgHvgle
[H'E;c ilm el alm AI a]l v) =0,j=1,2-N (35)
And
icHvrloslvyh  [eMvellvg)
vy :EL (a3| 1c:1|¢:a|h, | :t_llh )’j =1.2---N (36)
AJ AI AJ J!.h-
Solving Equations 35 and 36, the following is obtained
lmds = ZL, M (M D)y bnde = Zos, M7 (m, ) v3), (37)
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The elements in M and M present the following forms:
_ wiesley)  (willy) — (wrlosleg)  (wgllsg)

Mp = My == A+ JIH (38)

- i - L
Ajtdy Aj—dp

From Equation 16, the study has

(PY 1—p~ =P =(1-—m(FP)? (39)

Based on the Plemelj formula, the RH problem in Equation 27 has the following solution:

_ 1 ¢ YODAmmY o) Py (n)
(P =1+ ) ————"—dn, 1€C. (“40)
where " is an arbitrary curve.
When 4 — @
Po(A) = 1+ — [ Y () 2m)Y~* (1) (P+ () *dn (41)
From Equation 32, the study has
Y(A) = I+=Z (LMl — osllid(wilos) A —» @ (42)
Expanding P" into a WKB form,

T

Pr=p+Z 121 0(2) (43)

The study inserts Equation 43 into the Lax pair in Equation 7 and contrasts the coefficients of various
powers of A, then obtain

[0, P5] =0, i[os, PT]+ Qo3P =0 (44)
Where
] 1 - - —
PT =T, (W)l — oslbd(wlos) + o Y (DAY @) (P+() " dg (45)
Equation 44 leads to
Q = io;|o,, PT] (46)
Due to the Jump matrix (#) — J as 4 — oo, the study can derive Eiﬂ;ﬂ{ﬂ =0 and
A
. ; 47
Q = igs[os, T, (LXvel — o3ll)(velos)] *7)
which leads to the N-soliton solution of Equation 3 as follows:
u=2i(P)y, =4i TV (1), wl,) =— 4i 222 (48)
1./12 k=1 MRSV RL2 EPT]
Where
M e My, |v)
:11 N 1M1 (49)
M, = '
! My - Myy  |veh
{vala = Awwl2 0
With
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8 BT —24 —B6;— 6}, 24 B; 48]

|vi'|.'} ={c|'!|_-e_ k EI:J ,M'i!l-=_l'C'cEE T e VTV
S R C 12— A

j i ] K

According to Equation 48, when N = 1 the study has

— L} L
P e e S WL .
det (M1)zz = |H-14 =—c,efi7,
-
el 0
—24] —g.—g" 24 *
det (M) 11 = My =—r g |ey|Pe 81751 — =7 gf17 8
-1 A4y
The 1-soliton solution can be expressed as below
—2icy (A7) exp (—6,+61) (50)

"~ le1l*] exp(=61—67)+ A1 exp (61+67)
Similarly, by expanding the determinant M and M, the 2-soliton solution can be expressed as

4idﬂ(4“1}ﬂxﬂ (S1)

u=—
det ( M)252

Next, three coefficient functions d(t) are selected to simulate the evolution of the soliton solutions.

Case 1: 8(t) =1

The study set parameters ¢; =1, 4; =1 + 0.5i, and then depict the image of the 1-soliton solution in
Figure 1(a). Using parameters ¢; = ¢; = 1,4; =1+ 0.5i,4, = 0.8 + 0.44, the study displays the 2-soliton
solution in Figure 1(b).

25 4

(b)
Figure 1. 3D plot of Equation 3: (a) 1-soliton solution; (b) 2-soliton solution

Case 2: §(t)=cos = (t)
In Figure 2(a), setting parameters ¢; = ¢; = 1,4; =1 + 0.05i,4; = 0.5+ 0.03i, the study derive the
structural characteristics of the mixed periodic solutions. Figure 2(b) shows the structural characteristics of the

breather wave solutions with parameters ¢; = ¢; =1,4; =0.14+ 0.3i,4, =0.84 0.54.
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(a) Mixed periodic solution (b) Breather wave solution
Figure 2. Soliton solutions of Equation 3

Case 3: §(t) =+t
Figure 3(a) displays a bright soliton solution with better structural characteristics when parameters are
selected. Figure 3(b) shows the density plot of bright solitons.

lal

(a) 3D plot (b) Density plot
Figure 3. Bright solitary wave solution of Equation 3

6. Conclusion

This paper uses the Riemann-Hilbert method to solve Equation 3 and successfully provides a determinant
representation of N-soliton solutions. Initially, the study formulated the RH problem for the variable coefficient
nonlocal GI equation. Specifically, this study focuses on simple zero-point problems of scattering matrices.
Considering that more zeros inevitably lead to more solutions, through spectral analysis, the study found that
zeros exist in pairs. Then, the study obtained a solvable regularized RH problem by transformation. Moreover,
the study selected three coefficient functions o(t) to simulate the evolution of the soliton solutions.
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