
173

Scientific and Social Research, 2024, Volume 6, Issue 12
https://ojs.bbwpublisher.com/index.php/SSR

Online ISSN: 2981-9946
Print ISSN: 2661-4332

The Riemann-Hilbert Problem and Soliton 
Solution of a Variable Coefficient Nonlocal GI 
Equation
Kaipeng Sui1, Zekang Wu2, Dejun Zhao1, Xingxin Song1, Xiaoli Wang1*

1Department of Mathematics and Artificial Intelligence, Qilu University of Technology, Jinan, Shandong 250353, China
2College of Mathematics and System Science, Shandong University of Science and Technology, Qingdao, Shandong 
266590, China

*Corresponding author: Xiaoli Wang, wxlspu@qlu.edu.cn

Copyright: © 2024 Author(s). This is an open-access article distributed under the terms of the Creative Commons Attribution License
(CC BY 4.0), permitting distribution and reproduction in any medium, provided the original work is cited.

Abstract: This paper adopts the Riemann-Hilbert method to investigate a variable coefficient nonlocal Gerdjikov-Ivanov 
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Furthermore, the paper provides the determinant form of N-solutions for the equation.
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1. Introduction
The Riemann-Hilbert (RH) method, based on inverse scattering theory and considered a modern version of 
inverse scattering methods, offers an efficient solution approach. RH methods find wide applications for solving 
soliton solutions and analyzing the long-term behavior of integrable systems [1–4]. RH method also plays a vital 
role in diverse fields like infinite-dimensional Grassmann manifolds, quantum fields, statistical mechanics 
models, holomorphic vector bundles, combinatorial mechanics, orthogonal polynomials, and random matrix 
theories [5–6].

This paper employs the RH method to solve the variable coefficient nonlocal GI equation and successfully 
provides a determinant representation for N-soliton solutions. Section 2 introduces a class of variable coefficient 
nonlocal GI equations and validates their Lax pairs. Section 3 conducts spectral analysis on Lax pairs to establish 
the RH problem for variable coefficient nonlocal GI equations under specific boundary conditions. In Section 4, 
the paper derives a solvable regularized RH problem through transformations. Finally, the study obtain a series of 
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soliton solutions for nonlocal GI equations and provides visual representations of these solitons. 

2. Variable coefficient nonlocal GI equation
In reference, the paper first proposed the GI equation in the following form [7]:

	 (1)

Equation 1 is a third-order derivative nonlinear Schrödinger equation, also referred to as the DNLS III 
equation.

The nonlocal form of the GI equation is presented in Equation 2 [8].

	 (2)

This paper studies the variable coefficient nonlocal GI equation, which has the following form.

	 (3)

The Lax pair is given by Equation 4.

	 (4)

Where

With

3. Construction of the Riemann-Hilbert problem
Making a transformation,

	 (5)

then the Jost function  has the property

	 (6)

and it satisfies the Lax pair

	 (7)

where 
The Lax pair in Equation 7 can also be expressed in differential form as follows:

	 (8)
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With 
Integrating Equation 8 from  to (x, t) to get

	 (9)

where 
 denotes the k-th column vector, and k = 1,2. It can be seen that  are analytic for  

and  are analytic for  Here
	

The study defines , it is easy to see that  and  are two different solutions of the Lax 
pair in Equation 4, and they satisfy

	 (10)

where the scattering matrix S(λ) does not depend on x and t.
From Equation 10, the derived scattering matrix S(λ) satisfies

	 (11)

According to the analytic property of Φ-, the study can deduce that S11 is an analytic extension in C+ and S22 
is analytic in C-. A new Jost solution P+ can be defined as

	 (12)

P+ is analytic in  with the asymptotic behavior.

	 (13)

Similarly, P- exhibits the following form:

	 (14)

P- is analytic in  with the following asymptotic behavior:

	 (15)

The above analysis reveals that P+ and P- are analytics in  and  respectively. Therefore, an RH 
problem can be constructed as follows

	 (16)

Next, the study analyzes the scattering data in Equation 10 and obtain

	 (17)

Inserting  into Lax pair in Equation 7 and considering  as , the study 
can derive
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	 (18)

Expanding the Equation 18, the scattering matrix data is obtained as follows:

4. Regularization of the Riemann-Hilbert problem
Defining the operator L

	 (19)

The study can verify that

	 (20)

And

	 (21)

In the previous section, the study proved that S11 is independent of time. It is obvious that S11(λ) is an 
odd function. For every zero point λk, there must exist another corresponding zero point -λk, where k=1,,2,...N 
Assuming all zero points are simple, then (P+(±λk)) and ker(P-(±λ*k)) are one-dimensional spaces produced by 
|vk〉and〈vk|. The |vk〉and〈vk| are single-column vectors and row vectors, respectively. Here |vk〉=〈vk|

†.
Obviously,

	 (22)

To obtain the regular RH problem, a matrix function is constructed

	 (23)

where  is a meromorphic function with two simple poles  in .
After direct computation, the following is obtained

	 (24)

Moreover, the following is obtained

The  and  have the following expansion:

	 (25)

The study defines

	 (26)

then, a regular RH problem can be constructed as follows:

	 (27)

Therefore, noting the canonical normalization conditions in Equations 13 and 15, the study can derive the 
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solution of a non-regular RH problem in Equation 16 as

	 (28)

Where only the simple zeros problem is considered.
According to Equation 22 and the analytic property of P+, the study has  and 

, indicating that Ak is linearly related to . Through direct computation, the following is 
obtained

	 (29)

Where 

5. The soliton solutions
Based on the analysis above, the study is prepared to determine the soliton solutions for Equation 3. According 
to the expansion of  and Ak there exists a series of vectors  such that

	 (30)

where 
Considering the symmetric property

	 (31)

The study can derive the compact form of  and  as follows:

	 (32)

where 
According to the identity , the study has

	 (33)

The study can derive 

	 (34)

which indicates

	 (35)

And

	 (36)

Solving Equations 35 and 36, the following is obtained

	 (37)
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The elements in M and  present the following forms:

	 (38)

From Equation 16, the study has

	 (39)

Based on the Plemelj formula, the RH problem in Equation 27 has the following solution:

	 (40)

where  is an arbitrary curve.
When 

	 (41)

From Equation 32, the study has

	 (42)

Expanding P+ into a WKB form,

	 (43)

The study inserts Equation 43 into the Lax pair in Equation 7 and contrasts the coefficients of various 
powers of λ, then obtain

	 (44)

Where

	 (45)

Equation 44 leads to

	 (46)

Due to the Jump matrix  as  the study can derive  and

	 (47)

which leads to the N-soliton solution of Equation 3 as follows:

	 (48)

Where

	 (49)

With
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According to Equation 48, when N = 1 the study has

The 1-soliton solution can be expressed as below

	 (50)

Similarly, by expanding the determinant M and M1 the 2-soliton solution can be expressed as

	 (51)

Next, three coefficient functions δ(t) are selected to simulate the evolution of the soliton solutions. 

Case 1: δ(t) = 1
The study set parameters  and then depict the image of the 1-soliton solution in 

Figure 1(a). Using parameters , the study displays the 2-soliton 
solution in Figure 1(b).

         

(a)                                                                                                  (b)
Figure 1. 3D plot of Equation 3: (a) 1-soliton solution; (b) 2-soliton solution

Case 2: 
In Figure 2(a), setting parameters  the study derive the 

structural characteristics of the mixed periodic solutions. Figure 2(b) shows the structural characteristics of the 
breather wave solutions with parameters 
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(a) Mixed periodic solution                                              (b) Breather wave solution
Figure 2. Soliton solutions of Equation 3

Case 3: δ(t) = t2

Figure 3(a) displays a bright soliton solution with better structural characteristics when parameters  are 
selected. Figure 3(b) shows the density plot of bright solitons.

              

(a) 3D plot                                                                     (b) Density plot
Figure 3. Bright solitary wave solution of Equation 3

6. Conclusion
This paper uses the Riemann-Hilbert method to solve Equation 3 and successfully provides a determinant 
representation of N-soliton solutions. Initially, the study formulated the RH problem for the variable coefficient 
nonlocal GI equation. Specifically, this study focuses on simple zero-point problems of scattering matrices. 
Considering that more zeros inevitably lead to more solutions, through spectral analysis, the study found that 
zeros exist in pairs. Then, the study obtained a solvable regularized RH problem by transformation. Moreover, 
the study selected three coefficient functions δ(t) to simulate the evolution of the soliton solutions.
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