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Abstract: When studying linear algebra, students may feel very abstract. In most textbooks, the definition or theorem is 
given directly, so the students do not know the origin, meaning, or application of some knowledge. This study will explain 
some knowledge in the chapter of the matrix to help students understand the knowledge better and cultivate students’ 
exploration ability by getting conclusions from observing and studying. The knowledge chosen is the definition of matrix 
calculation and the rank of a matrix,
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1. Introduction
Most linear algebra textbooks do not give the background of definition [1–3]. Most of the time, they will give 
definitions directly. The students will find it very abstract because they do not know the background and the 
meaning of the definition.

Many books and documents discuss the studying or teaching methods [4–7]. For linear algebra courses, few 
people discuss the background and the meaning of the definition. This study will give concrete explanations and 
examples for some definitions that the students find abstract in studying linear algebra. This study will choose 
some knowledge in the chapter on matrices, that is, the definition of matrix calculation and the rank of matrix.

2. The matrix calculation
It is known that there are relationships among things in the world. The matrix that stores information is not an 
exception. This study will give several examples to show that there will be some relationship among matrices. 
Then, the study will define the relationship among matrices as some matrix calculation. The matrix calculations 
discussed are matrix addition, multiplication between matrix and number, and matrix multiplication.
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2.1. Matrix addition and multiplication between matrix and number
The common way to introduce matrix addition and multiplication between matrix and number are as follows.

Give two matrices A and B with m x n-dimensional, denote the sum of A and B as A+B, and set as follows.

The multiplication of number λ and matrix A is denoted by λA or Aλ and set as follows.

For students, matrix addition and multiplication between matrix and number are not only abstract rules but 
they are produced from nowhere.

The study will give concrete application background for the two matrix calculations as follows.
Suppose there are four kinds of food put in storage by three stores in every quarter. Denote the four kinds of 

foods as F1, F2, F3, F4, and the three stores as S1, S2, S3. The element aij of matrix A stands for the quantity of Fj 
put in storage by Si.

The quantity of Fj (j = 1, 2, 3, 4) put in storage by Si (i = 1, 2, 3) in the second quarter is stored in Matrix B.

Statistically, the quantity of Fj (j = 1, 2, 3, 4) put in storage by Si (i = 1, 2, 3) in the first half of the year is 
stored in Matrix C.

It can be seen that matrix C has a relationship with A and B. The element in matrix C is obtained from 
matrices A and B. The elements cij = aij + bij. The relationship among matric A, B, and C needs to be described. 
Then, the definition of matrix addition is given.

Suppose in the first quarter, the price of all the foods is 10 dollars, then can get the purchasing price for Fi (i 
= 1, 2, 3, 4) put in storage by Sj (j = 1, 2, 3), and store the data in matrix D.
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It can be found that matrix D has a relationship with matrix A. The element in matrix D is obtained from 
matrix A. The elements dij = 10 × aij. Then can define a matrix multiplied by a number.

If students are given a concrete application background, the definition of matrix addition and multiplication 
between matrix and number is no longer abstract. Besides, the students can find that there will be some 
relationship among matrices. The definition is not generated from nowhere, but according to their needs.

2.2. Matrix multiplication
The common background of matrix multiplication is as follows.

Suppose there are two linear transformations:

	 (1)

	 (2)

Then the linear transformation from t1, t2 to y1, y2 is:

             (3)

Then can define that the matrix corresponding to Formula (3) is the multiplication of the matrices 
corresponding to Formulas (1) and (2), as follows.

	 (4)

For the explanation of matrix multiplication, students find it very abstract. Because Formula (4) is a given 
rule just like the definition of matrix multiplication. The examples for matrix multiplication are given as follows.

The Matrix A occurred in section 2.1 is still used.

Suppose for the first and the second quarter, the price of every food put in storage by every store is shown in 
matrix E. eij stands for the price of food i in the j-th quarter (i = 1, 2, 3, 4; j = 1, 2).

If one wants to count the price of every store spending for all four kinds of foods in every quarter. Suppose 
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the storage quantity of every store for every food is not changed for the first and second quarters. The price 
information is stored in matrix F.

It is found that matrix F has a relationship with A and E.

Then, the definition of matrix multiplication can be given as follows.
Give two matrices A and B with m x s-dimensional and s x n-dimensional respectively, denote matrix 

multiplication of A and B as AB, and set as follows.

	

(5)

In this way, students can understand why the definition of matrix multiplication is given like the form in 
Formula (5).

Now, it is shown that a definition can be given according to the application. Since the calculation is just a 
rule according to the needs. Hence, other multiplications of the matrix can be given. Such as Hadamard product, 
another form of matrix multiplication.

Given two matrices A and B with m x n-dimensional. A = (aij), B = (bij). The Hadamard product of A and B 
is defined as A*B = (aij*bij).

Next, another definition the students find abstract in the chapter on the matrix will be discussed. It is the 
rank of a matrix.

3. Rank of matrix
The common definition of the rank of a matrix is the highest order of the subdeterminant which is not equal to 
zero.

The definition is very abstract, so the students cannot understand what is rank, and why the highest order of 
the subdeterminant which is not equal to zero is the rank of a matrix.

To explain the meaning of the rank of a matrix, it can begin by solving the linear system of equations.
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A linear system of equations is given as follows.

	 (6)

Matrix G is used to represent a linear system of equations (6) and then the method of elimination is used to 
solve Formula (6).

After the row transformation during eliminating, G is changed to H.

	 (7)

From Formula (7), it can be found that the last three equations are redundant and can be substituted by the 
first two equations. This shows that the number of valid ranks of G which cannot substitute each other is two. 
The number of valid ranks of G is called a rank. Now, it can be seen that the rank of the matrix stands for the 
valid information of G, that is, the number of valid ranks. For example, there are two matrices, the order of one 
of them is two, and the other is 100, but both of them have two valid ranks, then the rank of the two matrices is 
the same.

From G, it can be seen that the valid ranks which one of the ranks of the valid ranks cannot be substituted 
by other ranks is two. Therefore, any third-order subdeterminant of G is equal to zero. Because the elements in 
the subdeterminant are part of G. There are only two valid ranks in G. So, there are also two valid ranks in the 
subdeterminant. Hence, the value of the subdetermiant is zero. The value of the subdeterminant whose order is 
over three if the susdeterminant exists is in the same way. For the second-order subdeterminants, it can be seen 
that there is a second-order matrix,  which is not equal to zero. That is, G has a second-order subdeterminant 
whose value is not equal to zero. And for any subdeterminant whose order is three or over three if the 
susdeterminant exists, its value is zero. So, the highest order of the subdeterminant not equal to zero is just equal 
to the rank of matrix G. So, the rank of a matrix can be defined by its subdeterminant. In this way, the students 
can understand the meaning of rank and why the highest order of the subdeterminant which is not equal to zero is 
the rank of matrix.

4. Conclusion
Most linear algebra does not pay attention to introducing the background and meaning of definitions, while only 
stating them directly. This can cause students to find linear algebra courses very abstract. This study chose some 
knowledge in the chapter on the matrix to elaborate on the definition. It will help students to understand the 
definition better and form the habit of studying and exploring.
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