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Abstract: In this paper, based on the concept of dual generalized quaternions, the study of dual generalized quaternions is
transformed into a study of the matrix representation of dual generalized quaternions. With the aid of a polar representation
for dual generalized quaternions, De Moivre’s theorem is obtained for the matrix representation of dual generalized
quaternions, and Euler’s formula is extended. The relations between the powers of matrices associated with dual generalized

quaternions are determined, and the n-th root of the matrix representation equation of dual generalized quaternions is found.
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1. Introduction

In 1843, Hamilton discovered quaternions, in which they are widely used in differential geometry, computer
graphics, quantum physics, and space kinematics. Cockle introduced the set of split quaternions in 1849.
Unlike quaternions, the set of split quaternions is four-dimensional noncommutative, which has zero
divisors, nilpotent elements, and idempotent elements -3l Clifford introduced dual numbers, which are
extensions of real numbers by adjoining a new element ¢, where & =0 [, In several studies 571, dual
quaternions and their applications were considered. In other studies -4l generalized quaternions and their
properties were studied, in which De Moivre’s theorem and Euler’s formula were obtained for generalized
quaternions. In 2020, Kong studied commutative quaternions and split semi quaternions, and De Moivre’s
theorem was obtained for the matrix representation of split (semi) quaternions 571, The research on dual
generalized quaternions has achieved certain results, with De Moivre’s theorem obtained for dual
generalized quaternions 18191,

In this paper, the focus is on De Moivre’s theorem for the matrix representation of generalized dual
quaternions. The basic concepts of dual numbers, generalized quaternions, and dual generalized quaternions
are reviewed in the second section. The third section shows the matrix representation of dual generalized
quaternions, and some properties of the matrix representation are obtained. In the fourth section, with the
matrix representation of dual generalized quaternions, the De Moivre’s theorem and Euler’s formula for
the matrix representation of dual generalized quaternions in different cases are obtained.

2. Preliminaries

(1) Definition 1
A dual number A has the form t+et’, where t and t are real numbers, ¢ is the dual symbol
subjected to the rulers:
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e#0; ¢=0; 0-¢=¢0=0; le=¢l=¢.

The set of dual numbers is denoted by D. The summation and multiplication of two dual numbers are
defined as similar to complex numbers, but it must be forgotten that ¢°=0. So, D is a commutative ring,
which has a unit element. The parameters t and t are the real and dual parts of A, respectively. The
addition and multiplication on two dual real numbers A=t+st” and B=c+ec are as follows:

A+B=g(t'+¢)+(t+c); AB=g(tc" +tc)+tc.

*

* - - - - - - = 1 t * -
Dual number A=t+et (t#0) has a multiplicative inverse, which is Alzf—t—Qg. If t=0, &t is called

pure dual number. The conjugate of the dual number A=t+et" is A=t-et’.

(2) Definition 2
A generalized quaternion s is an expression of

S=S,+81+8,]+5k,
55,5 and s, are real numbers; i, j, and k are quaternionic units, which satisfy the equalities
=-a, j"=-f, K'=-af

jj=k==]ji, jk=pi=-ki

ki=aj=-ik, o,feR.
The set of generalized quaternions is denoted by H,,. If a=4=1, H, isreal quaternions. If ¢=1§=-1,
H, s split quaternions. The addition and multiplication for two generalized quaternions
S=S,+81+8,]+sk and t=t +ti+t,j+tk are defined as

S+t=(5)+ )+(S, 4 )i+ (S, 4, ) j+(s,+ )k,
st =(Syt, —ast, — Bs,t, —affs:t; ) +(Set, + Sity — BS,t, + Bsit, )i
+(Sot, +asity +S,t, —ast,) j+(Sety —Sit, +S,t + S5t ) k.

(3) Definition 3
A dual generalized quaternion § is written as
G=0,+0,i+d,]+Gk,

G,,4,,4, and G, are dual numbers; i, j, and k are quaternionic units, which satisfy in the above equalities.
The set of dual generalized quaternions is denoted by Ig‘f’a/,. The dual generalized quaternion  can also

be written as follows:
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G=q+eq,

where q is the real part and ¢ is the pure generalized dual quaternion component. The dual
generalized quaternion §=0,+¢ji+d,j+dk isdivided into two parts: the scalar part S, =d;, and the vector

part V; =Gi+d,j+0k. Hence, it can be written, §=S,+V,. { is called pure generalized dual quaternion if

§;=0. The conjugate of (=3, +V, is defined as a: S;-V;. The norm of =5 +V, is defined as
Y Y A2 a2 A2
Nq =00=09=0, +ag, +ﬂqz +aﬂq3 .
The norm of V:
N; =adf + B2 +api.

If N,=1, 4 is referred to as unit dual generalized quaternion. The addition and multiplication for two
dual generalized quaternions p=f,+fi+p,j+pk and §=G,+Gi+d,j+Gk are defined as
B+Q=(Py+;)+(P+ 6, )i+(P,+0,) J+(By+y k.

A A A A

Iﬁfl = ( poqo - plql _ﬁﬁz% _aﬂﬁs'%)"'( r)o(jl + r)l(% _ﬂpzqs +:8F33q2)i
+( Pol, +aPs + PG, — ﬁsfh) J +( Pods — P,G, + P4, + ﬁsqo)k -
Also, this can be written as follows:

4, —aG -p4, —aBfq; )\ b
G C]o _IB d3 ﬁ Q2 f)l
4, oaq, Ao -ab, || P, '
s _Cb ql qo Ps

O
>
Il

>

3. The matrix representation of dual generalized quaternion
Theorem 3.1
Every dual generalized quaternion can be represented by a 4x4 dual matrix.

Proof
Assume (=0, +i+,j+dk asanelementof M. The mapping : PP, — M iswrittenas z,(p)=6p,
Vp e I%aﬂ .The mapping is defined as follows:

Td (1):% +q1i+q2j +q3k; Tq(i):_a(j1+6Ioi+a(j3j _CIzk ;
Tq(j):_ﬂ% =BG +q, ) +Gk; Tq(k):_aﬁqs"'ﬁqzi_a(jlj +0oK .
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According to the mapping, the set of dual generalized quaternions is defined as a subset of dual matrices

G, —af, -p4, -apq,
ql qo _ﬁéh ﬁ% A A A A
M D)= :4.,6.,4,, D;.
sa(D) 6 of 4  —aq |J00nGe

q3 _Q2 ql qo

So, choosing 7, as the linear transformation on Ig‘f’aﬂ and f:§— 7, as the ring homomorphism
between the rings of all linear transformations from Ig‘f’aﬁ to I%aﬂ.After selecting the basis 1,i, j,k of
I%aﬁ , each linear transformation on I%aﬁ
f(l% ):MM(D). Therefore, f(lg‘f’aﬁ) and M,, (D) are isomorphic; f(lg‘f’aﬂ) and M,,(D) are

can be equivalent to a 4x4 dual matrix, i.e.,

Q,

the same thing. So, the study of a dual generalized quaternion is equivalent to dealing with the
corresponding dual matrix. Writing the dual matrix of any dual generalized quaternion § by A, i.e.,

4, -ab, -p4, -apq;

_ Q1 qo _ﬂqs ﬁ%
A= 4, af; 4, —ad,
(j3 _qu ql qo

The following properties can be verified by the above definition of A,.

Proposition 3.1
Let §,pe I%a , A€R, the following can be obtained:

MDA =A+A, (i)A, =14, (i) A, = AA;
. 2 A \ 2 A
(iv)det( A )=(N,)", (W)tr (A, ) =46, (Vi)d=p A=A,
4. De Moivre’s theorem for the matrix representation of dual generalized quaternions
De Moivre’s theorem for the representation matrix of dual generalized quaternions in different cases is

investigated.

(1) Case 1
Assuming «a, f are positive numbers.

Assuming G=§,+Gi+d,j+G;k is a non-zero dual generalized quaternion, the polar form of § can be

written §=cos@+ssind 8 where cosd=4g,, S|n¢9=\/aqf+ﬂq§+a,3q§, 0=0+¢0", and the
G +0,j + Gk

_ N
unit dual vector is s = — ~ ~
Jad? + B6Z + apq;

=si+s,j+sk=(s,s,.5,) , ab +p4;+apf; =0,

§=-1,

13 Volume 4; Issue 1



For the unit pure dual generalized quaternion §:31i+szj+s3k=(sl,sz,33), ézz—l, the matrix
0 -as, -fps, -afs,
S 0 —ﬂS3 ﬂsz
s, as, 0 -as
S =S, S 0

representation of s is A= . Obtaining Af:—IA, the generalization of Euler’s

formula for matrix A is as follows:

R’ — | +A§é+(&é)2 + (Agré)s + (Agré)zl +(Agé)5 + e
! 2! 3! 4 51

=1,c0s0+ A sind

cosf -assind -ps,sind -aps,sind

ssind  cos§  -ps,sind  fs,sind

s,5ind as,sind  cosd  —assing |

s;singd  —s,sind - s;sind cosd

Lemma 4.1
I . . . g - . [}
Let s be a unit pure dual generalized quaternion; if it satisfies s =—1, then we have

N A~ r L A N S
(cosa+ssma)(cosb+ssmb):cos(a+b)+ssm(a+b).

Proof
A similar proof can be seen in a study !,

Theorem 4.1
Assuming §=q,+Gi+q,j+Gk 1is a unit dual generalized quaternion, the polar form
r

I A

G=¢e" =cosd+5sind, where Nr =1. Then, for every integer n,

cosfd —as;sind —ps,sind —afs,sind
ssind  cosd  —ps,sind  fs,sind
s,sinf  as,sind  cosd  —as,sind @.1)

s,sind —s,sind  s;sind cosd
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The n-th power of the matrix A, reads as
cos(né) —aslsin(né) -ps, sin(né) —aﬁsssin(né)

slsin(né) cos(né) —,Bsssin(né) ,Bszsin(né)

s, sin(né) asssin(né) cos(né) —aslsin(né) :

s3sin(né) -s, sin(né) slsin(né) cos(né)

Proof
Using induction on positive integer n. Assume that

cos(né) —aslsin(né) —ﬁszsin(né) —aﬂs3sin(né)
slsin(né) cos(né) —,Bsssin(né) ,Bszsin(né)

s, sin(né) asssin(né) cos(né) —aslsin(né) '

s3sin(né) s, sin(né) slsin(né) cos(né)

The following formula is true based on Lemma 4.1.

)
s, sin (n+1)é) cos(n+1 9) -, sm(( 1)0) ,Bszsin((n+1)é)

i (n+1)é) as33|n(( 1)0) cos<n+1 )
(

The theorem holds for all integer n, since
cos(né) aslsin(né) ﬁszsin(né) aﬂsssin(né)

—s, sin (né) cos(né) s, sin (né) —f3s, sin (né)

—s,sin né) —asssi”(”é) cos(né) “Slsin(né) |

(
—sSSin(né) szsin(né) —slsin(né) cos(né)

15

cos( n+1)é) —as sm((n+1)6’) - s, sm(( n+1 9) —aﬂsssin((n+1)é)

—aslsin((n +1)é) |

s,8in n+1)é) —szsin((n+1)6?) sls|n<(n+1)¢9) cos((n+1)é)



A

Let §=q,+4G,i+4,]+Gk,aunitdual generalized quaternion, and the polar formis ¢ = cos 0+ g siné,
where §=0eR (6 =0). The matrix associated with ¢ is of the form (4.1). In general case, the
matrix (4.1) is obtained by

cos(0+2tr)
s, sin(6+2tr)
B s,sin(6+2tr)
s,sin(6+2tr)

—as,sin(0+2tr) —ps,sin(0+2tr) —apfs,sin(6+2tr)

s, sin(0+2tr)

—as, sin(6+2tr)
cos(6+2tr)

cos(6+2tr)
as,sin(0+2tr)
—s,sin(0+2tr)

— s, Si

cos(

n(6+2tr)
(9+2t7z)

s, sin(@+2tr)

where keZ. Theequation X" =A, has n roots, and they are as follows:

(0+2knj : (9+2k;z} : (9+2k7rj : (9+2k7zj
cos —as; sin -fs, sin —af3s, sin
n n n
. (0+2kx 0+ 2kz . (0+2kx . (0+2kx
1| Ssin - cos —f3s,sin Bs,sin
N piaa . (9+2kﬂ'j [9+2kﬂ'j . [(9+2kﬂj
s,sin as,sin cos —as, Sin
n n n n
. (O+2krx . (0+2krx . (O+2kx 0+ 2krx
s, sin - —s, sin . s,sin - cos -

where k=0,1,2,L ,n-1.

Example 4.1
Let q:£+ii+ij+gk , a a unit dual generalized quaternion, the polar form
2 2Ja 2B
(f]—cos£+£sinz Whereg—ii+ij+2—gk—(s S,,5;), then
3 3' ,_30{ ,_Gﬁ \/g 1192193 )1
A
2 2 2
1 1 yij
—_— p— p— g —_—
| 2Va 2 h \fz
A 1 Ja |
J2/ 2 2
. 1 1 1
28 2Ja 2
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The equation X2

and the second one for k=1 is

Also, it is easy to see that A? + A?

Theorem 4.2

R
sl - &

=&

|

s - &

= A, has two roots, and the square roots of A, can be obtained.
The first root for k=0 is

Ne (B _ape
243 6 J3
B pe B
2 J3 6
ac B _Aaf
3 2 233
118
J68 2\3a 2
Na. B ape
23 6 J3
3 g B
2 J3 6
Lae B3 Aa |
V3 2 23
1 1 4B
J68  23a 2

Assuming ¢ is a unit dual generalized quaternion, the polar form ¢= cos@+ssin@, where OeR.

Assuming that t = i Z*—{1},wecanobtain n=p(mod t) ifandonlyif Aj=A’.

Proof

Let n=p(mod t).So, n=c-t+p, ceZ.

cos((ct+ p)o)
s, sin((ct+p) p )
s, sin ((
((

s, sin((ct + p)¢9)

n

—as;sin((ct+p)o)
cos((ct+ p)o)
as,sin((ct+p)o)
—s,sin((ct+p)o)

—ps,sin((ct+p)0) —aps,sin((ct+p)o)

—ps;sin((ct+p)@)  Bs,sin((ct+p)o)
cos((ct+p)o) —as;sin((ct+p)o)

s, sin((ct+p)o) cos((ct+p)o)
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cos(pd) —as,sin(pd) —ps,sin(pd) —aps,sin(po)

s;sin(pd)  cos(pd)  —ps,sin(pd)  ps,sin(pb) .
B s,sin(pd) as,sin(pb) cos(pé) —as, sin( po) =Ar

s,sin(pd) —s,sin(pd)  s;sin(pd) cos(pé)

Now suppose
cos(nd) —as,sin(nd) —ps,sin(nd) —aps,sin(nb)
.| ssin(nd)  cos(nd)  -ps;sin(n@)  Bs,sin(nd)
| 'spsin(nd) as,sin(nd)  cos(nd) —as, sin(nf)
s,sin(n@) —s,sin(ngd) s sin(nd) cos(nd)
and

cos(pd) —as;sin(pd) -ps,sin(pd) -aps;sin(pb)
s;sin(pd)  cos(pd)  —pBs,sin(pd)  fs,sin(pb)

s,sin(pd) as,sin(pd)  cos(pd)  —as;sin(pd)
s,sin(pd) —s,sin(pd)  s,sin(po) cos(pd)

Ay =

Since Aj=A, sinn@=sinpd , and cosnd=cos pd , N&=pod+2zc , ceZ ; thus,

n:c%[+ p, n=p(mod t).

Example 4.2
. JE . : :
Let 4= 2\/_ \/_ j+2ek as a unit dual generalized quaternion, the polar form
. r 1 1
chos—+ssm—,where S=——i+—— j+ 242k = (s.,S,,8;). From Theorem 4.1 and Theorem
4 4 \/205 JZﬂ
4.2, we have
A=A = A=A =L A= R = R = A L
Ag:A%‘lejj'ngfT?:L A?:AéZ:AjzozA;B:L:—

K- A= A AL 1,
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(2) Case 2
Assume ¢« is a positive numberand £ is a negative number.

A

For a dual generalized quaternion § =g, +G,i +, j + G,k , De Moivre’s theorem of A, is discussed in
three cases, respectively.

Case A
When the norm of dual generalized quaternion is positive, and the norm of its vector part is negative,

N, =05 +ad; + Bd; +apd; >0 and erq:a(jf+ﬁq22+aﬂq32<0. In this case, the polar form is written as

. —
Q=r(coshé+7;sinhé) 08 where r=N. , coshd=2 sinhé:\/ ad? - B4; — afq; |
r r

Gl +G, J + 45K

L= — = (n,,7,,m5), 77 =1.
Ja@t-pat—apgz

A * . - . r
6 =0+c0", and the unit dual vector 7 is defined as n=

Theorem 4.3
Let §= r(coshé+7;sinhé) as a dual generalized quaternion, N, >0 and Ny <0. For integer t,

cosh(té) —omlsinh(té) —[)’nzsinh(té) —aﬂngsinh( é)
o | msin ( ) cosh(é) —fn,sinh ( ) ,ansmh( )
AT 17,8iN ( ) a7735|nh( ) cosh( é) —omlsinh( é)
nsslnh(t ) —7725|nh( ) nlsinh< é) cosh(té)

Proof
Using induction on positive integers t . Assume that

cosh(té) —omlsinh(té) —ﬂnzsinh(té) —aﬂngsinh(té)
nlsinh(té) cosh( ) —,87733|n( ) ,ansinh(té)
to

to
AT nzsinh(té) a773SInh( ) cosh( —omlsinh(té)
773sinh(té) —7723|nh( ) nlslnh( é) cosh(té)
holds. Then,
cosh((t+1)é) —anlsinh((t+1)é) ﬂ?]ZSInh(( +1)6 ) —aﬂn33|nh((t+1)é)
o nlsinh((t+1)0:) cosh(t+1 ) —ﬂ173smh((t+1) ) ﬂ7723|nh(t+1 A) |
nzsinh((t+1)<9) a%smh((t+1) ) cosh(t+1 ) —a?]lslnh((t-l-l)e)
ngsinh((t+1)é) —nzsinh((t+1)é) nlsinh((t+1)é) cosh((t+1)9)
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Hence, the formula is true. Moreover, since

coshd  ansinhd  prn,sinhd  afn,sinhd
—msinh@  coshd  Bnsinh@  —pn,sinhd

A= " . Pt

-n,sinh@  —amn,sinhd  coshd an,sinh@
—n.sinh@  7,sinh@  —psinhd  coshd

cosh(—té’) —omlsinh(—té) —,ansinh(—té) —aﬂn3sinh( to
nlsinh(—té) cosh(—té) —,[)’nssinh(—té) ﬂ7725|nh(—t¢9)

nzsinh(—té) a773sinh(—té) cosh(—té) —anlsinh(—té)
0

)

7733inh(—té) —nzsinh(—té) nlsinh(—t ) cosh(—té)

cosh(té) anlsmh( é) ﬂnzsinh( ) aﬂnssmh( )
—nlsinh(té) cosh(é) ﬁngslnh( ) ﬂnzsmh(é)

to
—n,sinh té) —a7735|nh(té) cosh( ) an,sinh(t )

—

0
—773sinh(té) nzsinh(té) —Ulsinh(té) cosh (té)

Then, the formula holds for every integer.

Example 4.3
Let q=\/§+%i + j+eke P@aﬁ. Consider the special case, i.e., if =1, f=-1, the polar form is
A JE 2 .
4= f \f ‘where 7 =i+~2j+ev2k = (1.,17,,75) . All powers of the matrix A, are found
based on the Theorem 4.3. For example, the 2-nd and 4-th powers are
5 41
5 2 22 2J2¢ 5 o 1042 10V2¢
5 41
2 = 222 -2\2 10 == 10V2e 1042
2 _ 2 4 4
A= 5 A= 41
22 242 > 2 1042 1042¢ 5 W
5 41
22 22 2 > 10426 -102 10 "
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Case B
When the norm of dual generalized quaternion is positive and the norm of its vector part is to be positive,

o

N;>0 and Ny =af +B6; +ap >0. In this case, the polar form is q=r(cosé+cf)sin é) (18 where

A A2 A2 A2
r=yN,, cosé:&, siné:\/O{q1 + B4, +af% . O=0+e0", and the unit dual vector is defined as
r r
: e
W= (112|+q232+q3k — =(601,602,C()3), CIUZ :_1.
\/an + 54, +afq;
Theorem 4.4

o

Assume (= r(cosé+ar)sin é) is a dual generalized quaternion, N, >0 and N;>0. For any integer

n

k)

D>

cos(n ) —aa)lsin(né) —ﬁcozsin(né) —aﬁcossin(n )

Proof
Using the induction, the theorem can be verified as true.

Example 4.4

1 r+3

Let d:1+\/§i+gj—gkel%a , iIf =1 and f=-1, the polar form is q:2£§+w7j, where

cf): i+ 2 j —%k = (o, w,,w;) . From Theorem 4.4, any power of the matrix A, can be obtained,

Ve

for example, the 3-rd and 6-th powers are Af =-8l, and A\f =641,, respectively.

Case C
When the norm of the dual generalized quaternion is negative, N, =(;+ad; + 46, +afd; <0.

Since 0<(; <-af; - pd; -afl; , thus off+pd, +apd; <0, ie, Ny <0. In this case, the polar form is

Q=r(sinhé+y5coshé) U8l where =N , sinhg=-=2

o

cosh - Nl ~ P8 —apd;
r

>
- |Q>

6=6+50", and the unit dual vector y is defined as y = Gl +G ) + Ak = (VW)

J-a6? - BGZ — apa?

w?=1.
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Theorem 4.5

Assuming § = r(sinhéﬂ/scoshé) is a dual generalized quaternion and N, <0, then, when t isan
odd number,

sinh (té) —aw,cosh (té) —Bw,cosh (té) —affy,cosh (té)
t t1//1cosh(té) smh(té) —ﬂl//SCOSh(té) ﬁyxzcosh(té) |
AT a//zcosh(té az//3cosh(té) smh(t A) —ayflcosh(té) ’
y,cosh (té) —,cosh (té) wlcosh(té) smh(té)

cosh(té) —az//lsmh(té) —,Bt//zsmh(té) —aﬁz//33|nh(té)
o y/lsmh(té cosh(té) —,Bw3sinh(té) ﬂyxzsmh(té)
A z//zsmh(té az/xsslnh(té) cosh(té) —ax//lslnh(té)

y/3sinh(té) —z//zsinh(té) z//lsinh(té) cosh(té)

Proof
Using the induction, the theorem can be verified as true.

Example 4.5

Let q=g+gi—j—kel%aﬂ, if a=1, p=-1, the polar form of Q=ﬁ(%+¢/y1j, where

,}:ﬁi_ﬁj_ﬁk:(%%,%) . All powers for the matrix A, are found with the aid of
2 2 2

Theorem 4.5.

If n=2t,then

1 0 —te —tg
0 1 —te te
—te —te 1 0]

Ath :2t
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If n=2t+1, then

(2t+1)e —& -1 -1
At g & (2t+1) e -1 1
-1 -1 (2t+1)e - |
-1 1 g (2t+1)e

where teZ.

5. Conclusion

In this paper, the matrix representation for dual generalized quaternions was obtained, and De Moivre’s
theorem and Euler’s formula were investigated for these matrices. Additionally, the relations between the
powers of matrices associated with dual generalized quaternions were also obtained.
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