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Abstract: In this paper, we introduce and study a new class of extended exponentially general regularized nonconvex
variational inequalities. We showed that the inequalities are equivalent to fixed-point problems through the use of the
projection properties. Based on this equivalence, we discuss the existence and uniqueness of solutions to the extended
exponentially general regularized nonconvex variational inequalities. We present a new self-adaptive finite p-step
iterative projection scheme that uses multiple updates to obtain common solutions of the extended exponentially general
regularized nonconvex variational inequality. Furthermore, we analyze the convergence of this algorithm under various

suitable conditions.
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1. Introduction

Variational inequalities, introduced by Stampacchia, arise from the extension of classical variational
problems and provide a unified framework for solving a wide range of complex problems . In the late 20th
century, Clarke and Poliquin developed the theory of prox-regular sets, extending variational inequalities to
the nonconvex sets and significantly advancing nonconvex variational analysis ‘). Meanwhile, the work
of Poliquin and Rockafellar established fundamental properties of nonsmooth and prox-regular functions,
providing a theoretical basis for algorithm design and convergence analysis " '), In this paper, we investigate
a new class of extended exponentially general regularized nonconvex variational inequalities. Using
projection techniques, we establish their equivalence with fixed-point problems. Furthermore, by combining
adaptive strategies with a finite p-step iteration, we propose an adaptive projection algorithm that enhances

efficiency and stability, particularly for complex applications.
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2. Preliminaries and basic results

Throughout this article, we let H denote a real Hilbert space that is equipped with an inner product (.)and
corresponding norml|+. We also let K be a closed subset of H . We recall the following definitions and results
of nonsmooth analysis .

Definition 1. Let x< H be a point that is not lying in K . The distance from x to « ek is called closest

distance or a projection of x onto & , it is expressed in the following formula:

dy (x)=inf x—u

uek

The set of all the closest points is denoted by:
P (x):= {er:x—u =d, (x)}
Definition 2. The proximal normal cone of & is denoted by:

Ny (u):: {5 6H|u e P, (u+a§),a>0}.

Lemma 1. Let K be a nonempty closed subset in H Then & e N¢ (u)if and only if there exists a constant
a=a(é,u)>0such that the following proximal normal inequality holds with allve K,

<§,v—u>£av—u2.

Definition 3. For anyr €[0,+x], the subset k, c # is called uniformly r-prox-regular. If every nonzero

proximal normal to K, can be implemented by an 7 -ball. This means that for all x,x € K, and0=¢& e N ().

<§’,x—f>£%x—f2-

Lemma 2. Let »>0and K, be a nonempty closed and uniformly r-prox-regular subset H .
SetU(r)={ue H:0<d, <r}. Then the following statements hold:
(1) Forall xeU(r), A (x)#2;
(2) For all~<(0.r), £ is Lipschitz continuous with constant L, :ﬁ onu(r')={ueH:0<d, <r'}.

Definition 4. The mapping N¢ :H = H is defined for r>0by
N? (u intB(0,r) if uek,,
NE (u):{ Kr( )N (0.7) :

%) if ugk,.
Here B(0,7)denotes the closed ball of center 0 and radius 7 .

3. Extended exponentially general regularized nonconvex variational inequality

LetT, f,g:H — H be three nonlinear single-valued operators with £ >0such that K, c f(#) We consider
the problem of finding « € # such that g(u)< X, and

<peT(”) +g(u)—f(u),f(v)—g(u)>+%||f(v)—g(u) >0,vveH: f(v)eK,,

Equation (1) is called extended exponentially general regularized nonconvex variational inequality
involving three different nonlinear operators (EEGRNVI).
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Lemma 3. If K, is a uniformly prox-regular set, then the Equation (1) is equivalent on N (g(x) to that of
finding » € H such that g(u)e X, and

0e pe’™ +g(u)—f(u)+Ng (g(u)),

Proof: Let u € H with g(u)eK, be a solution of the Equation (1). Since the vector zero always belongs

to any normal cone, if pe"" +g ()~ f(u) =0, we have:
0e pe’™ +g(u)—f(u)+N£r (g(u))
+g(u)—f(u)¢0’ for all f(V)EKrWithVEH,we have

(e ()£ (). (v) g ()< £ (3) - ()

irpe’"

By Definition 3, we conclude that:
0e pe’™ +g(u)—f(u)+N,fr (g(u))

Converse is also clear.

Lemma 4. Let T, f, g be the same as in problem (1), and let0< p <1”r—m). Then u e Hwith g(u)eK, is
Hl e

a solution of the problem (1) if and only if:

g(u)= P (f(u)—peT(")).

Proof: since0<p<——,
P 1+“ eT(u)

0 e+ g ()~ )+ N2 () 5 —pe™ + £ () e glu)+ N2 ()
- f(u)—peT(u) e(1+N1§r)(g(”)) < g(u)=P (f(u)_peT(u)).

Theorem 1. Let 7, f,g and P be the same as in the Equation (1) such that:

(1) Tis v -strongly monotone with respect to f and 4 -Lipschitz continuous;
(2) gis 7 -strongly monotone and 1 -Lipschitz continuous;

(3) fis @ -Lipschitz continuous.
If the constant p > 0 satisfies the following condition:

\/rzvz AP —(r— 1) (1—/1)2)
rA?
V> AP —(r =1 (1- p)?,
rg>(r—r")(1-p)u= 1—(21—12) <1,

2r <141,

<

9

14
A2

Where ' €(0,r), then Equation (1) admits a unique solution.
Proof: Define the mapping ¥ : # —» H by

Y(x)=x-g(x)+P (f(x)—peT(x)),‘v’er:g(x)eKr,

where W is a contraction mapping.
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Let x,x' € H with & (x) & (x') € K, be given. It follows from Lemma 2 that:
I¥(x)-¥(x) < x—x'—(g(x)—g(x'))

By using 7 -strongly monotonicity and  -Lipschitzian continuity of & , we have
I x—x’—(g(x)—g(x')) 2<(l—2r+12) x—x' 7.
I/ (x)=f(x)=p(T(x)-T(x")) 2<(¢2 —2pv+p2/12) x—x"7.
Substituting Equation (8) and Equation (7) for Equation (6), we obtain
| ‘I’(x)—‘P(x') <y x—=x',

y=~1-2r+7 +

r ,\/qﬁz —2pv+p At
r

4. Self-adaptive finite p-step projection algorithm

In this section, we introduce the self-adaptive finite p-step projection algorithm. Let 7, f,gand 0 be the same
as the Equation (1) and suppose the inverse of the operator g exists. From Lemma 4, it has that u is a
solution of (1) is equal to u is a zero of the function, we have:

w(u, p) = g(u)—PK’_ [f(u)—per(”)].
Theorem 2. For all 4 € H and p'>p >0, it holds that
Il w(u,p') = w(u,p) .
lw(u, p') - w(u, p) |

!

PP

Theorem 3. u € H,u" € H and p >0, then:
(g(u)-g (). D(u.p)) 2 (u. ).

T[g1[p,<r{.f'(u*)-pef(’>m "

D(u,p):p e —e +g(u+u*)+f(u—u*)—w(u,p),

T[g‘[&{f(u*)per(”*)m »

J(u,p)= ple —e +g(u+u*)+f(u—u*),w(u,p)

Theorem 4. If u is not a solution of the Equation (1), then there exist § €(0,1)andg >0, for all p €(0,G],
such that:

e (0 o)

pll " e <8 w(u,p) .

By Theorem 2 and Theorem 3, we have<g(u)—g(u*),D(u,p)>>J(u,p)>(1—5)|l w(u, p) *.
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Let S:K, — K, be a nearly uniformly Lipschitzian mapping. Here the set of all fixed points of .S denoted
by Fix(S)and the set of all Solutions (1) of the problem denoted by EEGRNVI with X,.7.fandg&. If
u e Fix(S) ~NEEGRNVI(K,,T, f,g)then by Lemma 4, for every , >0,

u=S"u :”—g(”)"‘PK, [f(u)—peT(")]ZS"u—g(u)+PKr [f(u)—peT(”)].

{a, by 1B, o (i=12,..,p)are two p sequences in interval [0,1], such thatZ,_ @, <o, X" B, <o©.

Also{q, Sros Unitneos uitio(i=1,2,..., p)are three p sequences in H to take into account a possible inexact
computation of the resolvent operator point. Among them, the following conditions should be satisfied:

{l,:}.-0 are p bounded sequences in H andX, g, <, such that:

4, =q,,+4,,n20i=12,..,p
limll g,, =0i=12,...p,

© " 0
2n:()qn,i < OO’Zn:O}/n,i < oo.

Algorithm 1. Let T, 1, gand P be the same as the Equation (1). For any chosen initial pointx, € K, ,
compute the approximate solution u,,, for a given u, € H by the iterative schemes.
Step 0. Giveno > 0,  €[0,1), u<€[0,1), p>0, 56(%,1)and§0 e(%,lj. Hereu, e H,setn =0.

Step 1. Stopping criteria: Setp, = p. Ifw(u,,p,) <0, then stop; otherwise, find the smallest non-negative
integer M, , such that p = pu™ , satisfying:
(1-8)w(u,, p,) < p,e"") —e"") < Sw(u,,p,),

L=g" (B[ f(u)-pe™])
Step 2. Compute.
d(u,,p,)= p(eT(ln) _eT(u))
ol w(u,)
“ d(un(,pn)) 2
Step 3. Finite p -step iteration. Sety,, =u,,,,and for i=1,2,..., p—2,compute:

Vi = (1= @i = B ) 8 (1,) 4 @y (S" (30 )+ Gsit) + Bl + 71
where
® ()=, —g(r.)+ B [f (y,,,,»)—peT(y"")}-
Step 4. Get the next iterate.
g, (1) =P [ f(u,)-ya,d (u,.p,)]
Step 5. If:
(1=6)l w(u,,p,) <p, € =" <8 w(u,.p,),
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then setp=%, else setP = P.. Setn:=n+1, and go to Step 1.

Theorem 5. Let{a,}, {,} and {c,} be three nonnegative real sequences satisfying the following
condition: there exists a natural number #, such that:

a,,<(1-t,)a, +b,t, +c, Vn=n,,

where?, € [0,1] , 2o gl, =0 '{i’?@bﬂ = 0,2::00,1 <o,

Thenlima, =0.

Proofn: The proof directly follows from Proposition 2 "'

Theorem 6. Let 7, f,gand p be the same as in Theorem 1. Suppose that S:X, > K, is a nearly
uniformly L-Lipschitz mapping such that Fix(S)~EEGRNVI and(Kr,T, f,g)+ . In addition, letLy <1, where
7 is the same as in Theorem 1. If there exists a constant ¢ > 0 such that I1”,e, , >« for eachn > (0, then the

iterative sequence {un}f:O generated by Algorithm 1 converges strongly to the only element of

Fix(S)~EEGRNVI and(Kr,T, f,g) =@ . Afterward, the iterative scheme yields an approximate solution,,,;,
which ultimately converges to the exact solution ¥ of the variational inequality. And letC; <1.

Proof. From the definition of u,,, and u,
un+l = (1 - 6{n,l - ﬂn,l )un + an,l (an) (yn,l ) + qn,l ) + ﬂn,lln,l + rn,l >

*

' =(1=a,, =B, )u +a,, (SO (3, )+ )+ Budus + 71
Then
N, —u" <(1-a,,-B,,) u,-u" +a, S"{y,,-g(v.,)
P (f (70) = PT (7 ) h =" (' =g )+ B (£ ()= pT ()

*
+ﬂn,l|| ln,l —u +an,l qn,l + rn,l *

LetI' = sup, Il I —u" :i—-1,2,..., p, then

n,i

*

|| un+1 —u S (l_an,l _ﬂn,l) un —u +an,1L7/ yn,l —u

Similarly, following the previous proof, we can also establish the follow inequality that for each
i=12,...,p-2,

Iy, —u" <(l=a,=B) w,~t +0,, Ly y,., —u
Iy, ,.—u S(l—an,p —,Bn’p) w,—u +a, Ly u,—u
Fory, , ., we have
1y, —u" < (1 -a, —ﬂn,P_l) w,—u +a,, Ly y,, —x
By using Equation (23) and Equation (24), we have:
I Vupa —u < (l—an’p% —,BMH ta, ,, (1 -a,, —ﬂn’p )L}/
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In turn, using the inequalities that we derived earlier, we end up with an inequality for y, ;,

It follows from Equation (21) and Equation (26), we get:
|| un+1 _u* S (l_an,l _ﬂn,l) un _U* +an,1L7/ yn,l _u* +an,1 Ql"l,l + qz:,l + rn,l +18n,lr

[ (1-Ly l—IocmL”1 pl}”u —u +ZH(,¥”JLII g, + g, +ZH05ML’1 g+,

i=1 j=1 i=2 j=1
+2Han Ly, [ﬂn1+ZH0‘n,ﬂn,E yim '] [1 1-Ly HanlL” Ly P~ 1}II u,—u
i=2 j=1 i=2 j=1 i=1
i-1_i-1 p i1 p i1
+(1_L7)ﬁan [Lp—l p-1 z, 1HJ =1 "JL 1 qu’“ +ZHOtn’jLi_1}/i_1” e,;,i +ZHan’jLi_1}/i_l T
-1 (l—L]/)Lp y? i=2 j=I i=2 j=1
+|| e;l,l [ﬁnl +ZHan jﬁnzLI Ty Ij |:1 1 Lj/ Hansz Vsl 1:||| u _u +A
i=2 j=1 i=1

Since L7/<1andllm|| q,, =0 so|| u,—u —)()(n—)oo) limu,,, =u’.

n—0

gn (un+l)_gn (un )2 = PK, [f( n+l) yan+ld( n+l’ n+l):|_PK, [f(un)_ya;;d (un’pn )j|2
S L?’ (f(un+l)_f(un )2 + }/ZWnH _an) < L?;(¢21/ln+1 _un2 +72(gn (unH)_gn (Z/ln )2
+L, (¢2”n ~u,’ +Lu,, ~u,’ ))

Then

L2 (¢2 + 2 L2 ¢2+Li
&, (un+l)_gn (un )2 < ' ?1(;2() )) U, —M <C Uy — n2'

Since limu,,, =u", then g, (u,..)—g, (u,)is convergent. Thus the sequence {u,}” , generated

n—>0

by Algorithm 1 converges strongly to the only element of Fix(S) ~NEEGRNVI(K,, f,g). The result
demonstrate that the general solution ¥,.;0f Algorithm 1 converges to the approximate solutionu .
Additionally, it can be inferred from Equation (17) and Equation (18) that the sequences V.
strongly converge to u# in g . These outcomes imply that a solution exists under certain circumstanc-
es and is unique.

5. Conclusion

We studied the exponentially generalized regularized nonconvex variational inequality involving multiple
nonlinear operators. By means of projection techniques, an equivalence with fixed point problems is
established enables the analysis of existence and uniqueness of solutions. Based on this framework, a self-
adaptive finite p-step projection algorithm is proposed by combining adaptive strategies with a p-step
iterative scheme. Under suitable conditions, the convergence of the algorithm is rigorously proved, and the

results extend and improve existing work in nonconvex variational inequality theory.

36 Volume 10, Issue 4



Funding

Scientific Research Fund Project of Yunnan Provincial Education Department(Grant No.2025Y1074)

Disclosure statement

The author declares no conflict of interest.

References

[17] Stampacchia G, 1964, Formes Bilineaires Coercitives sur les Ensembles Convexes. Comptes Rendus
Hebdomadaires Des Seances De L Academie Des Sciences, 258(18): 4413.

[2] BarbuV, 1984, Optimal Control of Variational Inequalities. Research Notes in Math, 1984(100).

[3] Ansari Q, Lalitha C, Mehta M, 2013, Generalized Convexity, Nonsmooth Variational Inequalities, and Nonsmooth
Optimization, CRC Press.

[4] Daniele P, Giannessi F, Maugeri A, 2003, Equilibrium Problems and Variational Models, Dordrecht: Kluwer
Academic Publishers.

[5] Karamardian S, 1971, Generalized Complementarity Problem. Journal of Optimization Theory and Applications,
8(3): 161-168.

[6] Clarke F, 1975, Generalized Gradients and Applications. Transactions of the American Mathematical Society,
1975(205): 247-262.

[7] Clarke F, 1983, Nonsmooth Analysis and Optimization, Proceedings of the International Congress of
Mathematicians, 1983(5): 847-853.

[8] Clarke F, Ledyaev Y, Stern R, et al., 1998, Nonsmooth Analysis and Control Theory, Springer New York.

[9] Poliquin R, Rockafellar R, 1996, Generalized Hessian Properties of Regularized Nonsmooth Functions. SIAM
Journal on Optimization, 6(4): 1121-1137.

[10] Poliquin R, Rockafellar R, 1996, Prox-Regular Functions in Variational Analysis. Transactions of the American
Mathematical Society, 348(5): 1805-1838.

[11] Poliquin R, Rockafellar R, Thibault L, 2000, Local Differentiability of Distance Functions. Transactions of the
American Mathematical Society, 352(11): 5231-5249.

[12] Liu L, 1995, Ishikawa and Mann Iterative Process with Errors for Nonlinear Strongly Accretive Mappings in

Banach Spaces. Journal of Mathematical Analysis and Applications, 194(1): 114-125.

Publisher’s note

Bio-Byword Scientific Publishing remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

g7 Volume 10, Issue 4



