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Abstract: In this paper, we innovatively adopt the shadow radius to investigate the thermodynamics of an AdS black
hole with non-commutative geometry terms. First, via geodesic analysis, we establish a quantitative relationship between
the shadow radius and the event horizon radius, and derive the shadow radius of the black hole as a function of the
event horizon radius, which exhibits a positive correlation between the two quantities. Furthermore, within the shadow
framework, we find that the stability and heat capacity of the black hole can be effectively represented through the shadow
radius. Further analysis reveals that the results obtained using the shadow radius in revealing the black hole phase transition
process are essentially consistent with those obtained using the event horizon. Based on this, we constructed the thermal
profile for an AdS black hole incorporating non-commutative parameters. Within the framework of non-commutative
geometry, for P < Pc , the temperature derived from the shadow radius exhibits a distinct N-shaped trend, which is in
perfect agreement with that obtained from the event horizon radius. This result reveals that even in non-commutative
spacetime, the phase transition process of AdS black holes can be effectively and intuitively characterized by the thermal

profiles of their shadows.
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1. Introduction

In Einstein’s theory of general relativity, black holes are predicted as a type of celestial body in the universe .

Currently, astronomers and physicists have devoted extensive attention and conducted in-depth investigations
into the theoretical and experimental studies of black hole physics. As a thermodynamic system, black holes
possess properties such as temperature, entropy, and heat capacity. The study of black hole thermodynamics
has significantly advanced the development of black hole physics. In recent decades, physicists have gathered
extensive astronomical evidence regarding black holes, with the observation of gravitational waves pioneering
new approaches to studying their properties. The detection of gravitational wave signals from the merger of two
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black holes by the Laser Interferometer Gravitational-Wave Observatory (LIGO) provides compelling evidence for
the existence of black holes *. In 2019, the Event Horizon Telescope (EHT) collaboration reported the ultra-high-
resolution image of the supermassive black hole M87%*, providing direct evidence that black holes truly exist in the
universe and opening new frontiers for research in black hole observation . This image reveals a dark central
region surrounded by a bright ring, where the dark region is defined as the black hole shadow and the bright ring
as the photon ring. Due to the intense gravitational field near a black hole, light undergoes deflection "”. For a
static observer at infinity, photons with an orbital radius smaller than the critical bound photon orbit radius fall into
the black hole, thus forming the black hole shadow """ In contrast, other photons escape to infinity. This critical
bound orbit is the black hole’s photon ring. The size and shape of the black hole shadow are determined by this
photon ring ">,

Studies of black hole shadows can yield more valuable geometric information about black holes, and
observations of these shadows enable a deeper understanding of their intrinsic properties. For a Schwarzschild
black hole, the photon ring is located at r = 3M ""*"). The study of photon trajectories in Schwarzschild black holes
was pioneered by Synge and Luminet, and Bardeen subsequently investigated the shadow of the rotating Kerr
black hole "**. As more physicists conduct research on black hole shadows, it has been discovered that these
shadows can be used to test Lorentz symmetry “'**. Furthermore, by considering the accretion around black holes,
the study of shadows for diferent types of black holes has yielded significant results "'>'**>*,

Based on this, investigating the unique thermodynamic properties of black holes as thermodynamic systems
has become a key objective for many physicists. However, a deeper understanding of black hole thermodynamics
began with the establishment of the four laws of black hole thermodynamics and was significantly deepened
and substantiated by the discovery of Hawking radiation. Stephen Hawking, by applying quantum field theory,
demonstrated that due to vacuum quantum fluctuations, particles can be emitted from the vicinity of a black
hole’s event horizon (known as Hawking radiation) °”. This discovery laid a solid foundation for the theory
of black hole thermodynamics. Based on the foundational assumptions of the “cosmic censorship hypothesis”
and the validity of the “strong energy condition”, Hawking proved the proposition known as “Hawking’s area
theorem” which states that the total area of a black hole’s event horizon never decreases within the framework
of classical physics. Secondly, the entropy and temperature of a black hole are expressed through the area of its
event horizon and its surface gravity *”. Based on this research, the fundamental framework of the four laws
of black hole thermodynamics was established. Within Anti-de Sitter (AdS) spacetime, it has been discovered
that the thermodynamic system of a charged AdS black hole is essentially equivalent to a van der Waals fluid-
gas system "', Pioneering work by Wei et al. first explored the dynamic phase behavior of charged AdS black
holes within the extended phase space framework and established the fundamental connection between black hole
thermodynamics and the shadow radius **'. Subsequently, Zhang et al. provided initial evidence that the shadow
radius can indeed reflect the thermodynamic phase structure of black holes “**").

The black hole shadow serves as a bridge reflecting thermodynamic information of black holes, and
combining the two for research holds significant importance. In summary, studies on black hole thermodynamics
and their shadows remain very extensive in recent years. This paper primarily investigates the relationship between
the black hole shadow radius and thermodynamic phase transitions in the AdS spacetime. Research demonstrates
that the black hole shadow can indeed reveal the process of thermodynamic phase transitions. Furthermore, in
the context of regular spacetime, it is found that the dependency relationship between the black hole shadow and

thermodynamics is likely to be structurally established .
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Furthermore, non-commutative spacetime in gravitational theory is a prominent research topic, as it is
regarded as a potential candidate for quantum gravity " Studying the influence of non-commutativity on
black holes constitutes a highly significant research topic, and several methods can be employed to realize non-
commutative spacetime within gravitational theory ' "', Secondly, it is demonstrated that within the framework of
general relativity, non-commutativity can be implemented by modifying the source of matter, whereby a Gaussian
distribution or a Lorentzian distribution can replace the Dirac delta function ***”', Taking the AdS black hole with
a non-commutative parameter as an example, this paper investigates the thermodynamic phase transitions under
the shadow radius.

2. AdS black hole in non-commutative geometry

Non-commutative geometry is a theory of spacetime quantization, in which the commutation relations of

. . 45
spacetime coordinate operators can be expressed as **):

[x",x"]=i6" (1)
In non-commutative geometry, the Lorentz distribution p of the mass density for spherically symmetric stars
is given by 7:
_ MVe
p= n3/2(r2+m9)2 (2)

Here, M denotes the black hole mass and 6 the non-commutative parameter, which characterizes the minimal
spacetime scale.
The Einstein equation is:

1

Ry, — Egle + Agy = 81Ty, 3)

R,, is the Ricci tensor, which describes the curvature of spacetime; g,, is the metric tensor, which simplifies
the expressions of the Einstein field equations and ensures their invariance under diferent coordinate systems; R

is the Ricci scalar, which represents a global measure of spacetime curvature; T, is the energy-momentum tensor,

v

which describes the distribution of matter and energy in spacetime.

In non-commutative scenarios, a Schwarzschild black hole is:

ds? =— f(r)dt* + f1(r)dr? + r2dQ? 4)
Substituting Equation (4) into Equation (3) yields:

fr)y=1+ %for (8nr2T8 — TZA)dT‘ (5)

T{ represents the energy density.
According to the Lorentz distribution formula in Equation (2), we have:

0 __ _ MO
To = p= w32 (r2+m0)? (6)
By substituting the above equation into the metric, we can obtain:
f@) =141 (—8nr?2 M _r2p (7)
r 72(r2+n6)
in which °*;
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8Mo

f@) =1-224 227 = 2rt + 0(6%/2) (8)

In the limit 6 — 0, the spacetime geometry reduces to the standard Schwarzschild geometry. For the sake of

simplicity, this article introduces a new parameter a.

_ 8Vo
T ©)

The metric of Schwarzschild-AdS BH in non-commutative geometry:
fr)y=1 ——+ r? (10)

The cosmologlcal constant, A, is defined as A = -8Prx . For a black hole to exist, the following conditions must
be satisfied: f(r,;) =0, r; > 0, M > 0, A <0, so there are the following inequalities that depend on a.

—2r3y +ar’y <0 (11)

r*y — 2Mr?y —aMr’y <0 (12)
Based on Equation (4), in the context of static spacetime, The Lagrangian L can be expressed as:
L=2g,, 45" = 2(— fP + f() 712 + 1r2(do? + sin?9dg?)) (13)

In a spherically symmetric spacetime, we study photons moving on the equatorial plane with 6 = n/2.
Furthermore, the metric functions do not depend on the time t and the azimuthal angle ¢ . Consequently, the
equations associated with the constants of motion can be derived. These constants are:

E=———f()tL———r<0 (14)

The photon’s energy and angular momentum are denoted by E and L, respectively. Consequently, for the

given line element, the null geodesic condition g,, x**x-" = 0 can be expressed as:

— ' 2 2 —
frt f()+r ©*=0 (15)
Then, according to Equation (14) and Equation (15), we can obtain:
LZ
i = B2 = /() (16)

The radial geodesic motion can be described by the following equation for the effective potential V.
P+ V=0 (7

The quantity b denotes the impact parameter, which is defined as the ratio L/E and geometrically corresponds
to the perpendicular distance from the geodesic to a radial line through the origin. Finally, we can obtain the
effective potential V, as:

Veff — f(r) LZ EZ (18)
Where [59]:

() df(r)
E2 =—L0TD 12 =y 4+ 1) (19)

In Figure 1, we analyze the non-commutative Lorentz effective potential, and investigate its functional
dependence on 1 for different values of o. Figure 1 shows the effect of the non-commutative parameter o on the
effective potential for a massive test particle. When o is non-zero, all extrema of the non-commutative effective

potential lie outside the non- commutative event horizon. Increasing o lowers the maximum peak of the effective
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potential and shifts it further from the horizon. The divergence of the effective potential near the event horizon
arises from non-commutative geometry, which acts as a potential barrier to prevent high-energy particles from
falling into the black hole.

Veff
150 ') ::\‘
N
100 o044
I L
I no
50 1 N \
ro :
1 l‘

-100 -

-150 -

Figure 1. The effective potential a = 0, (Red solid line), a = 0.1, (Purple dashed line), a = 0.2, (Gray dashed line), a. = 0.3
(Black Dashed line), a = 0.4 (Orange dashed line), o = 0.5 (Blue dashed line). P=0.2, M=1,L=1.

3. Shadow radius of Schwarzschild-AdS black hole in non-commutative geometry

The following conditions must be satisfied for the effective potential to exist

Veff (r) = 0, Ve ff (r) = 0, Ve fi(r) > 0 (20)

Here, we denote the radius of the photon sphere as r,;. For a given metric function, we can determine 1, by

solving the equation.

f (o) = 57onf (rpu) = 0 1)
To =5 (3M + VMVOM — 8a) (22)

The black hole mass, which is also identified as enthalpy in the extended phase space, is given by the
condition f(r;; ) = 0.

2y (3+8P7rr121)
3(2ry—a) (23)

The shadow radius of a black hole is a crucial observable that provides insights into its fundamental

M =

properties. By analyzing the shadow, we can infer the black hole’s mass, spin, and nature of spacetime surrounding
it. Observing a black hole’s shadow allows us to delve deeper into its physical characteristics and the role gravity
plays in the universe. It represents the radius of the circular region projected by the black hole’s event horizon
as viewed by distant observers. The shadow radius, denoted by r,, observed from a position at r, is given by the

following equation ",

_ f(ro)
s = rpH\/m,,H) (24)
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With the static observer at spatial infinity, we set the observer’s radial coordinate to r, = 100, satisfying the

condition f(r, ) = 1. Therefore, the shadow radius rs is:

_ 1 25
Ts = TpH 8. o  M(E2rpy+a) ( )
14Prry+— P
3 2
pH
N % (3+8Pnrd) % (3+8Pnrd) Sa 3r}(3+8Pnrd) (26)
pH =5 2ry—a 6ry—3a —2ry+a

Figure 2 depicts the relationship between the black hole shadow radius rs and the event horizon radius rH for

different values of the non-commutative parameter o. The results show that the shadow radius rs increases with

the event horizon radius 1y, while the growth rate gradually decreases. This demonstrates a positive correlation

between ry; and r,, suggesting that the shadow radius can serve as an indicator of the black hole’s Hawking

temperature. Furthermore, the shadow radius r, decreases with increasing pressure P. For a fixed horizon radius,

increasing the non-commutative parameter o also leads to a decrease in .

When the non-commutative parameter o approaches zero, the black hole model reduces to a Schwarzschild-

AdS black hole. As shown in Figure 2(a), the Schwarzschild-AdS black hole also exhibits a positive correlation
o between r; and r,. Therefore, we conclude that the shadow radius can effectively describe the black hole

temperature, similarly to the event horizon radius.

(a) a=0 and ro=100 (b) a=0.1 and ro=100 (c) =0.3 and ro=100

Figure 2. The relationship between shadow radius and the horizon radius. (a) Non-commutative parameter o = 0, r, = 100

(Schwarzschild-Ads BH), (b) Non-commutative parameter o. = 0.1, r, = 100, (¢) Non-commutative parameter o = 0.3, r, =

100. The solid lines, segment point lines and dotted lines correspond to P =0.02, P =0.03 and P = 0.04, respectively.

Next, let’s calculate some fundamental thermodynamic quantities. The black hole’s mass is
2 2
__ ry(3+8Pnry)
M= 3Q2ry—a) (27)
A black hole’s temperature is its Hawking temperature, determined by its surface gravity,
7= _ 3ry—3a—3ryA+2rial
T oam 121Tr12_,—61tr1.,a (28)

To study criticality, a specific volume, v = 2ry;, was introduced. Using this relationship, the equation of state

becomes:

3v—6nTvi—6a+6nTva
6mv3—8mta

P=—

(29)
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The black hole’s entropy satisfies the Bekenstein-Hawking relation.

_A_ 2
S—Z—nrH (30)

where A = 4nr7; is the surface area of the black hole’s event horizon.
However, when the energy-momentum tensor T3 includes the black hole’s mass, the traditional first law of
thermodynamics, dM = TdS +VdP is violated, as shown by the following relations.

oM oM
(%), # (G5 (31)
The modified first law of thermodynamics can be expressed as:
dM=WdM =TdS +V dP (32)
Here, W represents the correction function.
_ too 2010 4 _ @ 3
W=1+[ =~ A4nr?—tdr=1 7+ 0(@) (33)

Using the modified first law, we can derive the Hawking temperature.

T—w (a_M) _ f'(ry) _ 3ry=3a=3rjA+2rian
- as)p 4w 12nry—6mrya (34)

The black hole’s thermodynamic volume also can be derived.

3
v=w(G), =5 (33)
This result is consistent with those derived from the general thermodynamics of black holes. The critical point
must meet:
a*p apP

o) 9rm) (36)

The critical condition is:

P =" T, =220 = 2441550 37)

4. Shadow analysis of non-commutative phase transitions in Schwarzschild-AdS
black holes

In this section, we first investigate the thermodynamic phase transitions of non- commutative Schwarzschild-AdS
black holes with a Lorentzian potential. Based on our previously derived Hawking temperature formula, the black
hole temperature varies continuously with the event horizon radius r,;. As shown in Figure 3(a), the black hole
temperature exhibits distinct behaviors under different pressure conditions:

(1) When (P = 1.4Pc), the temperature curve is a monotonically increasing smooth curve without an
inflection point. The slope initially decreases and then increases, but remains always positive, indicating a
supercritical phase;

(2) When (P = Pc), the temperature curve remains monotonically increasing, but the slope decreases to zero
before increasing again, resulting in an inflection point. This curve represents the critical isobar, and the
black hole is thermodynamically unstable at this point;

(3) When the pressure (P = 0.4Pc), the horizon radii are r,' = 0.1338 and r,” = 0.7944, respectively. This
implies that when (P < Pc), within the range r,' <1, <r,’, the temperature curve exhibits non-monotonic
behavior: initially increasing, then decreasing, and finally increasing again. When the pressure is below
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the critical pressure, the black hole exhibits two-phase coexistence. This means that the black hole can
exist in two distinct stable states: a smaller “liquid-like” state and a larger “gas- like” state, with an
unstable intermediate state between them. This phase transition is analogous to the liquid-gas phase
transition in van der Waals fluids.

Figure 3(b) and 3(c) show the relationship between black hole temperature and shadow radius rs for
non-commutative parameters o = 0.1 and a = 0.3, respectively. These representative values demonstrate that
the shadow radius rs can replace the event horizon radius r; to study the phase transition process of the non-
commutative Schwarzschild-AdS black hole. When the pressure P is less than the critical pressure Pc: r, <r,'
corresponds to a smaller stable black hole; r,' <r, <r. corresponds to a thermodynamically unstable black hole;
and r,> 1.’ corresponds to a larger stable black hole. Furthermore, as the non-commutative parameter o increases,

the region of thermodynamic instability expands, and both the shadow radius r, and the temperature increase.

(a) @=0.1 and ro=100 (b) a=0.1 and ro=100 (c) a=0.3 and ro=100
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Figure 3. (a) Temperature as a function of r,; with o= 0.1, (b) temperature as a function of r, with o = 0.1, (c) temperature
as a function of r, with o = 0.3. A static observer is located at r, = 100.

The order of a black hole’s phase transition is closely associated with its heat capacity. In particular, a second-
order phase transition at the thermodynamic critical point of a black hole can be characterized by a jump in heat
capacity and a divergence in specific heat. Taking into account the relationship between entropy and area (S =
f = 7’y and the temperature from Equation 28, we can derive the heat capacity of a black hole under constant
pressure.

Co = (65) _ 8mri(2ry—a)(3ry+24Pury—3a—16Pnria)
P oT/p ~ 48Pmrfi+12rya—48Prriia—3a+2r5(—3+8Pna?) (38)

The divergence of a black hole’s heat capacity typically signifies system instability and suggests a
possible phase transition. Figure 4(a) shows the relationship between the heat capacity of a non-commutative
Schwarzschild AdS black hole and its event horizon radius under different pressures. Figure 4(b) and 4(c)
illustrate the relationship between heat capacity and shadow radius under the same conditions. The results show
that the heat capacity diverges at the critical point, indicating a second-order phase transition in the black hole.
The similar divergence of heat capacity at the critical point observed in Figure 4(b) and 4(c) demonstrates that the
shadow radius can be used to identify the order of the black hole phase transition.
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Figure 4. (a) The functional relationship between heat capacity and ry; when a = 0.1. (b) The functional relationship
between heat capacity and r, when o = 0.1. (c) The functional relationship between heat capacity and r, when o = 0.3. A
static observer is located at r, = 100.

5. Thermal profile of the Schwarzschild-AdS BH in non-commutative geometry

This section uses the thermodynamic profile of a black hole to intuitively reveal the relationship between the black

hole shadow and its phase structure. The shadow contour curve in celestial coordinates can be expressed by the

formula
— Vi [ 2cing AP
x = lim (— r2sinfo ) S (39)
— i 246
y=lim (T dr) 6o/ (40)

For a static observer, Figure 5 shows the shadow contour, where the shadow radius decreases with increasing

pressure. Figure 5(a) and 5(b) correspond to non-commutative parameters o = 0.1 and o = 0.3, respectively,

showing that the shadow radius increases with increasing non-commutative parameter.

(a) a=0.1 and ro=100

(b) =0.3 and ro=100
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Figure 5. Shadow profiles of a non-commutative Schwarzschild-AdS black hole. (a) Non-commutative parameter o = 0.1;

(b) Non-commutative parameter o = 0.3. Here, the black hole mass M = 60, r, = 100.

Figure 6 presents the thermal distributions under three different pressures: P > Pc (supercritical phase), P =

Pc (critical state), and P < Pc. The results are consistent with previous analyses: decreasing pressure leads to an

177

Volume 10, Issue 3



increased shadow radius, and increasing non-commutative parameter o also leads to an in increased shadow radius.
Figure 6(a) and 6(b) correspond to the supercritical phase (P > Pc), where the temperature gradually increases
from the center, consistent with the dashed lines in Figure 3. Figure 6(c) and 6(d) correspond to the critical state
(P = Pc), which is thermodynamically unstable, and the temperature variation is also unstable, consistent with
the dashed line segments in Figure 3. Figure 6(e) and 6(f) correspond to the case P < Pc, where the temperature
exhibits an ”N-type” variation: it initially increases, then decreases, and finally increases again, consistent with the
solid lines in Figure 3.
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Figure 6. Thermodynamic profiles of non-commutative Schwarzschild-AdS black holes for diferent thermodynamic cases. (a) P > Pc,a
=0.1, (b) P>Pc,a=0.3, (c) P=Pc,a=0.1, (d) P=Pc,a=0.3, (¢) P<Pc,a=0.1, (f) P<Pc,a=0.1.
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To more clearly show the "N-type” temperature variation, Figure 6 restricts the shadow radius range to r,'
to r.>, more prominently displaying the ”N-type” change. Therefore, the shadow radius can effectively replace the
event horizon radius in describing the thermodynamic properties of the black hole. The obtained results are shown
in Figure 7. Finally, the influence of the non-commutative parameter on the phase transition of the Schwarzschild-
AdS black hole can also be clearly observed from Figure 7, and the obtained results are consistent with those in
Figure 3.

(a) a=0.1 and ro=100 (b) @=0.3 and ro=100
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Figure 7. Thermodynamic profiles of non-commutative Schwarzschild-AdS black holes for diferent thermodynamic cases.
(a) P<Pc,a=0.1, (b) P<Pc,a=0.3, (c) P<Pc,a=0.1, (d) P<Pc,a =0.3. (c) is a quarter of (a), (d) is a quarter of (b).

6. Conclusion

This paper investigates the phase transition of a Schwarzschild-AdS black hole within the framework of Non-
Commutative Geometry by using the shadow radius as a substitute for the horizon radius. By utilizing the modified
effective geometry incorporating the non- commutative parameter, a relationship between the shadow radius rs
and the event horizon radius rh is established. The results indicate a positive correlation between them, implying
that the black hole temperature can also be determined by the shadow radius. When r, =100 and the condition
f(r, )=1 is satisfied, Equation (27) can also be used to describe the relationship between the shadow radius and
the event horizon for a Schwarzschild-AdS black hole. We present this relationship and observe that as the event
horizon radius 1, increases, the shadow radius r; also increases monotonically. Moreover, the growth trend of r,

gradually flattens out with further increase in r,. Based on this, we argue that the shadow can be used to present
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the phase transition structure of black hole thermodynamics. Based on the T—rh function, we further constructed
the T—r, function and meticulously analyzed the phase transition curves of the AdS black hole. When (P > Pc), the
temperature curve is a monotonically increasing smooth curve without inflection points, indicating a supercritical
phase. At the critical point (P = Pc), an inflection point appears on the temperature curve. This curve represents
the critical isobar, and the black hole is thermodynamically unstable at this inflection point. When the pressure
is below the critical pressure (P < Pc), the black hole exhibits two-phase coexistence, indicating that the black
hole can exist in two distinct stable states. When the shadow radius is relatively small (r, < r,1), it corresponds
to a smaller stable black hole; when the shadow radius falls within the range r,l <r, <7, it corresponds to a
thermodynamically unstable black hole; and when the shadow radius r, > r.*, it corresponds to a larger stable black
hole. The results indicate that the shadow radius r, can be used as a substitute for the event horizon radius r;, to
study the phase transition process of non-commutative Schwarzschild-AdS black holes. The results indicate that
the shadow radius r, can be used as a substitute for the event horizon radius 1, to study the phase transition process
of a non-commutative Schwarzschild-AdS black hole. Subsequently, by combining the relationship between heat
capacity and the event horizon radius, a relationship between heat capacity and the shadow radius is established to
determine the order of the black hole phase transitions. In addition, the results also indicates that the heat capacity
diverges at the critical point, implying the occurrence of a second-order phase transition in the black hole. This
result is consistent with that obtained using the event horizon radius r,. Finally, based on the T—r, function, thermal
profiles of the black hole were constructed for several representative sets of non-commutative parameters. It was
found that the shadow radius is closely related to the pressure, exhibiting a decrease as the pressure increases.
When (P < Pc ), the temperature variation of the black hole exhibits an “increase — decrease — increase
(N-shaped)” pattern. This indicates that the thermodynamics of the black hole can be fully captured by its thermal
profile, and that the black hole shadow can indeed reflect the thermodynamic phase transition relations in the non-
commutative Schwarzschild-AdS black hole. Furthermore, the influence of the non-commutative parameter on
the thermodynamic phase transitions is thoroughly discussed throughout the article. Based on the above work, we
conclude that the shadow can effectively serve as a substitute for the event horizon. This finding further advances

further research into the thermodynamic phase transitions of black holes.
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