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Abstract: This note is concerned with the absolute
stability for time-varying delay Lur’e system with
sector-bounded nonlinearity. Improved delay-dependent
and delay-derivative-dependent stability criteria are
obtained in the form of linear matrix inequalities (LMIs)
by constructing a modified augmented Lyapunov-
Krasovskii (LK) functional without applying the model
transformation or the bounding techniques for cross
terms. Thus, the presented delay-dependent criteria are
less conservative than those in the literature. Moreover,
state feedback stabilizing controllers based on the
proposed stability criteria are designed. Numerical
example demonstrates the effectiveness and superiority
of the proposed method.
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1 Introduction

Since Lur’e and Postnikov introduced the concept
of absolute stability and the Lur’e problem in 1944,
absolute stability problem for typical Lur’e control
systems have been extensively investigated and
achieved a great number of results' . Many nonlinear
systems e.g. Chua’s circuit and Lorenz system can be
classified into this type”. On the other hand, time-
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delays as one of main source of instability and poor
performance universally exist in various dynamic
systems such as engineering system, biological system,
chemical system and electrical networks, etc. Thus, the
absolute stability for Lur’e systems with time-delay is
of considerable significance'®"”. According to whether
stability criteria contain time-delays information or
not, they can be divided into delay-dependent ones and
delay-independent ones. In general, the former is less
conservative than the latter especially when delay is
small"*"”,

In order to deduce delay-dependent absolute stability
criteria, one usually transforms the original system
to a distributed system and then uses the bounding
techniques for cross terms. For example, Yu''"
employed model transformation and Moon’s inequality
to discuss absolute stability and stabilization for a
class of nonlinear system with time delay. However,
model transformation may induce additional dynamics.
Recently, a method called the free-weighting matrix
(FWM) approach was presented to analyze the stability
and synthesize time-delayed control systems. By this
method, a series of less conservative results were
obtained"”"”. Wu'” used an augmented LK functional
and FWM to study absolute stability for Lurie systems
with time delay. However, the models discussed (n
andare constant delay not time-varying delay and their
results are not applicable to Lur’e systems with time-
varying delay ""®. Though "> '>* studied the absolute
stability for Lur’e systems with time-varying delay
and obtained stability criteria, it is time-consuming to
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test these criteria owing to many slack matrix variables
containing in them™ " A delay decomposition
approach is introduced in”"** to study delayed
control systems and some less conservative criteria
are obtained. Nevertheless, the results derived by the
delay decomposition approach often include larger
number of LMIs and matrix variables. As pointed out
in?*** the number of LMIs increases in the order of 2~
with the number of decomposition N, which increases
dramatically computational burden. Motivated by above
discussion, we have this work.

In this paper, we will focus on the problem of
stability for Lur’e system with time-varying delay and
sector-bounded nonlinearity via a triple integral form
of LK functional and our lemmas. Absolute stability
criteria are deduced for Lur’e systems with time-
varying delay in terms of LMIs. Based on the obtained
absolute stability criteria, design of state feedback
stabilizing controllers is available and the controller
gains can be given by solving matrix inequality. Finally,
numerical example shows the effectiveness and merit of
the proposed approach.

Notations. The following notations are used
throughout the paper. The superscript “7” denotes
the transpose of a matrix. g~ and R™" stand for the
set of real vector with n-dimensional and real matrix
of size nxm, respectively. p>o(p>0) symbolize a
symmetric positive definite (positive semi-definite)
matrix. P<0 (P <0)represents a symmetric negative

definite(negative semi-definite) matrix. 7 and 0 refer
to the identity matrix and zero matrix with compatible

dimensions, respectively. Block diagonal matrix is
symbolized by diag(...). In a symmetric matrix, the

symbol “*” is used to denote the term that is induced

x v] [x
by symmetry, e.g. [* Z}{YT

we always assume the matrices are of compatible
dimensions with context.

Y
Z] In what follows,

2 Problem description and preliminaries

Consider the following system:
x(t) = Ax(t) + A x(t — d (1)) + Dw(¢)
z(t) = Mx(t) + Nx(t —d (1))
w(t) = —o(t,2(1))
x(0)=w(0), 6 [-h,0]

(1

where x(¢) e R",w(t) e R" and z(t) € R" are the
state vector, input vector and output vector of the
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system, respectively; 4, 4,,D,M and N are known
real constant matrices of appropriate dimensions. y(-)
is a continuous vector-valued initial function.
o(t,z(1)):[0,40) x R" — R™ is a class of memoryless,
time-varying nonlinear vector-valued function that is
piecewise continuous in ¢ and globally Lipschitz in
z(t), ¢(t,0) = 0 and satisfies the following condition
for V¢ >0,Vz(t) e R™:

o' (t.2(O)p(t. 2(1) - Kz(1)] < 0 (2)

[p(2,2(t)) = K, 2(D] [p(t, 2(1) - K,2()] < 0 (3)

where K, and K, are real constant matrices with
appropriate dimensions and K= K,-K,; is a symmetric
positive definite matrix. The nonlinear connection
function @(t,z(¢t) satisfying (2) is said to belong
to the sector [0, K] symbolized by ¢(-,) € S[0,K]
and @(t,z(¢) satisfying (3), it is said to belong to the
sector [K,, K,] symbolized by ¢(-,) € S[K,,K,].The
time delay d(t) satisfies the following conditions:

0<d(t)<h<+0oand dt)< pu<1,Vi>0 (4)

where & and p are known real constants.

Remark 1. Due to the fact that time-varying
delay often varies slowly in practical systems, the

assumption d (t) < <1 is reasonable. According to **),

this type of time delay is called a slowly-varying delay.
In this paper, we investigate not only the absolute

stability of nominal system (1), but also the following

system with time-varying structured uncertainties:

£(£) = (A + A()x(t) + (4, + A, ())x(t — d(£)) + Dw(?)
2(t) = Mx(¢) + Nx(t — d (1))
w(t) = —o(t,z(1))

x(0) =y (0), 0 c[-h,0]

)

where the time-varying structured uncertainties with
the following form

[A4(2) A4,(D)]=LF@)E, E, ] (6)

where L,E, and E, are constant matrices with

appropriate dimensions, F(¢) is an unknown real and
possibly time-varying matrix with Lebesgue measurable

elements satisfying

FIr(OF@)<I vVt >0 (7

Definitionl. (Han **') The system (1) is said to
be absolutely stable in the sector [K,, K,] if a trivial
solution x(¢) =0 is globally uniformly asymptotically
stable for any nonlinear function @(¢,z(¢) satisfying
3.

Definition2. (Han ') The uncertain system (5)
subject to (6) and (7) is said to be robustly absolutely

stable in the sector [K,, K,] if a trivial solution x(¢)
=0 is globally uniformly asymptotically stable for any
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nonlinear function @(z,z(¢) satisfying (3).

Before moving on, we introduce the following
lemmas which play an important role in deriving our
main results.

Lemma 1. (Petersen I R et al [24]) Given matrices X,
=, and Q with Q=Q’, then

Q+IFNOE+E"FT ()" <0

holds for all F(t) satisfying (7) if and only if there
exists a scalar g > ( such that

Q+e7'2 T+6E'2<0

Lemma 2 (Jensen’s integral inequality [33]) For any
constant matrix R e R™",R =R’ >0, ascalary > (
and a vector-valued function w(¢):[0,h] - R" such
that the following integration are well defined , then

P T
U . w(s)dsj RU ih w(s)ds) < hJ‘ih w’ (s)Rw(s)ds (®)
Lemma 3 For any constant matrix R e R™",
R=R" >0, scalarz, >7, >0, and a vector-valued

function w(¢) such that the following integration are
well defined ,then the following inequality holds

(a0 W e[ Ldof wran
]

2
7, — ~h d T
< j do j W () Rw(s)ds

Proof. From the known condition and Schur
complement, it’s indubitable to find that

wh ($)Rw(s) w'(s) S
w(s) R |

Integrating the above inequality fromz + @ to f with
respect to s yields

J‘tie w’ (s)Rw(s)ds J.:w w' (s)ds
[, weos

Then integrating the obtained inequality again

>0
—6R™

from — 7, to— 7, with respect to @ yields

| dof W (s)Rw(s)ds j:;‘dej;a W' (s)ds .

| do|f 9 w(s)ds j _OR'd6

Utilizing Schur complement again, inequality (9) can
be derived. This completes its proof.

3 Main results

For the sake of simplicity, we firstly consider the case

where the nonlinear connection function @(t,z(f) €
S[0,K] i.e.(t,z(t) satisfying (2).
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Theorem 1 The system (1) satisfying (4) with
o(t,z(t) € S[0,K] is absolutely stable for given A
and u , if there exist real matrices

T
|:f)ll P]2i|:|:F’1] RZ:| >0|:Qll Q12:|
* P22 * ])22 i Q22

T T
:{Qu le} S0 [Zu le}:{zu Zu} >0
* Q22 , * ZZZ * ZZZ ,

R =R" >0 such that the following LMIs holds

[ @2 1,3) 0 1,5) 16) AT

» L1y 0 0 -P, +lzp 0 0

¢ (u-DQ, (u-DQ, AR,  -N'K' 4’0

o £ (a0, 0 o o |<0(10)

* * * * ,lZH ,%R PIZD 0

h h

* * * * * -21 D'®

* * * * * * )
where

T T T 5T

1, 1) P A+A B, +0,4+ 4 Q12+hZuA+hA Z,

+P12+P1§+Q1+h211_ —IZ

22

(1, 2) = _Rz +— h Zzzv (1 3) 11A le
N 1 2
+hZ,4, ,(1,5 =P, +ATP12 —ZZIZ + ZR ,

(1,6)=P,D+Q,D+hZ,D-M'K",
®=0Q,, +hZ,, +%th :

Proof. Choose the following LK functional candidate
S [ TR R0
(6,x,)= Lihx(s)ds * P, J;ihx(s)ds
: {xmﬂgll le}{x@)}
w0
=d0] X(5) 0, | X(s)

Laof [l 1% 2 Lol

+ fh de_[g d“La %" (s)Rx(s)ds

where

T
|:P11 P12:|:|:[)11 P12:| >O |:Q11 Q12:|
* P22 * P22 * Q22
T T
:|:Q1] Q12:| >O|:Z“ Z]2:|=|:le ZIZ:| >0
* Q22 * Z22 * Z22

R =R" >0 are to be determined matrices.
The time-derivative of the LK functional along the

trajectory of (1) is given by
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N O V-7 ) ][0, 0 Tx0
V(t’x')’zh'hx(ﬂds} {* P, }L(;) x(t— h)}'[m)} {* QJL&@J

_{)f(l_d(’/‘))} {Qu Q12:||:x(t_d(t)):|(1_d(t))+h{x(tq |:Zn Z]2:||:~)f(t)i|
M—d@)| [ ¥ Oy | X¥(-d(1) XOJL* Zy X0

R P N S
From (1) and (2), we get

2w (O)w(t) —2w" (1) KMx(¢)

—2w" (t)KNx(t —d(t)) > 0 (12)

Using Lemma 2, one has

0 [)f(s)}T{zll Zu}ﬁsq sl F@T
=h| x(s) * o Z, | X(s) h ¥ x(s)
dS|:_le 12}]’1‘ {x(s)} (13)

* —Zy, M x(s)

Using Lemma 3, one gets
- do| ' (s)Ri(s)ds < h%[’h a6 ¥ (s)as(-R)[ dof i(s)ds

=—2x" ()Rx(?) +%x7 (z)RL x(s)ds — hi ) 1h X7 (s)dstLh x(5)ds  (14)
Combining with (1), (4), (12), (13) and (14), the
upper bound of V' (¢, x ,) can be estimated as

V(tX)<§ H=S(0) >

W cre
E ) =Ix"(0) X" (t=h) " (t=d() " (¢=d(@) [ x"(s)ds ' (©)]
>(1,1) (L,2) (1,3) 0 (15) (1,6) 1
* 7%222 0 0 —PZZ+%Z,2 0
| (33 (#-DQ, ATP, AT®D - N'K”
N * £ (u-D0y 0 0
* % * * —lZ“ _lR IJIZD
h h’
| * * * * * -21+D"®D |
with
(LDZPR,A+A'P,+B, +P, + A"®A+Q, +hZ, —2R
- % 5, +0,4A+A4 Q12+hZ A+hA” le,
1
1, 2) =-B,+— P Z,,
1,3) = llA + QA +hZ, 4, +A'D4,,

(1,5 =P, +A"P, —%ZU +%R,
(1,6)=P,D+Q,D+hZ,D-M"K"+ A"®D ,
(393) - (M _1)Q11 + Aqu)Al 5

1
O=Q, +hZ,, +§th .

According to the Lyapunov-Krasovskii stability

theory, system (1) is absolutely stable if = < 0 holds.
In view of Schur complement, the inequality = < ( is
equivalent to (10). This completes the proof.

For the nonlinearity ¢(¢,z(¢) satisfying the general
sector condition (3), that is

o(t,z(t) € S[K,,K,],applying loop transformation

™ we can conclude that absolute stability of system

(1) in the sector [K,,K,] is equivalent to that of the
following system in the sector[0, K, — K ]:
(1) = (A — DK, M)x(t) +(4, - DK, N)x(t —d(t)) + Dw(t)
2(f) = Mx(t) + Nx(t — d (1)) (15)
w(t) = —(t, z(1))

Thus, we can easily derive Theorem 2 from Theorem
1.

Theorem 2 The system (1) satisfying (4) with
o(t,z(t) € S[K,,K,] is absolutely stable for given A
and 4 , if there exist real matrices

T
|:1)]l 1312:|:|:[)11 13]2:| >O|:Qll Q12:|
* P22 * P22 ’ * Q22

T T
:{Qn Q12:| >O{Z” le}:{zn le} >0
0, * Zy Y Zy ’

R=R" >0suchthat Q<0.

where
[y @2 13) 0 15) (1,6) (A—DKM) @ |
* % Zsy 0 0 @25 o 0
* * (=10, (Wu-DQ0, (35 (36) (4-DKN)'®
Q= » * * (u-10,, 0 0 0
£ * * (55 PID 0 (16)
* * * * * _21 DT(I)
* * * * * * )
with

(lal)éPll(A_DKlM)+(A_D{<1M)TP11
+Plz+PlzT+Q11+th_2R__Zz2

+ le(A - DK1M) + (A - DKI Tng
+hZ,(A—DKM)+h(A-DK M) Z,"

o s
(1,2) 2 - 12+}112”’(13) P, (4, — DK N)
+0,,(4, —DK,N)+hZ (4, — DK,N),
(1,52 P, +(A-DK,M)" P, —%Z +%R,
(1,6)=P,D+Q,D+hZ,D-M"(K,-K,)’,
(2,5)2-P, +%zlz,

(3,5)=(4, -DK,N)" P,.(3,6) =
~-N"(K,-K))", (5,5):-%2”—;—2&

In addition, @ is defined in Theorem 1.
Remark 2 In previous works e.g. [14, 21-23],

the term J. x7 () Zx(s)ds was enlarged as.
_J‘t » )x (s)Zx(s)ds Note that

- j X7 (8)Zi(s)ds =— I,,dm X (5)Zi(s)ds

Jl O x"(8)Zx(s)ds
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Clearly, the term — J I d(t)xT(s)Z)'c(s)ds was ignored
in estimating the derﬁfhative OfV(t,x,) , which may
result in conservativeness. In this paper, we overcome
this deficiency.

Remark 3 Theorem 1 is derived from neither
model transformation nor the bounding techniques for
cross terms of derivative of the Lyapunov functional.
Therefore, none of the additional dynamics is induced
in this stability criterion.

Remark 4 Less conservatism of the proposed
stability criteria is attributed to two aspects: the first is
that we constructed augmented Lyapunov-Krasovskii
functional with a triple integral term where the
information on the upper bound of the delay and its
derivative are under full consideration; the second has
been pointed out in Remark 2.

Now we turn to discuss the system (5) for robustly
absolutely stable based on Theorem 2. Under the
condition of (6), the system (5) can be converted into
the following system:

X@)=(A+LF()E )x(t)+ (A4, + LF(@)E,)x(t —d(t)) + Dw(¢t)

z(t) = Mx(t) + Nx(t — d (1))

w(t) = (1, 2(1))

x(0)=w(0), 6 [-h,0]

Supplanting 4, 4, in (16) by 4+F ()E, ,
A +E (t)E, respectively, then we can conclude the
following inequality

F
0
0

Q+| 0 [FO[E, 0 E, 0 0 0 0]

al

E!] (17)

Froln® o 0 o 'p, 0 L'd]<o

where

[N=P~P,L+Q,L+hZ,L

In light of Lemma 1, inequality (17) holds if and only
if there exists a scalar A > 0, such that
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Q+ 4"

o o o O

" 0 00 L'B, 0 ']

’ (18)

+4 0 [E, 0 E

a al

0 0 0 0]<0

From Schur complement, (18) is equivalent to (19).

[y 12 @13 0 (1,5) Le) (7 M|
Z,
o %Zn 0 0 P, + ]—' 0 0 0
1
* * (33) (x-DQ, (3.5) 36 37 0
* * * (/—l - I)sz 0 0 0 0 <0
* * * * (5 PiD 0 PIL 19
* * * * * -2I D'® 0 (19)
* * * * * * — d) (DL
* * * * * * * _ﬂ
where

(L1)2 B (A~ DK,M)+(A-~DKMY P, + P, + P, +0Q, + hZ, - 2R
_%Zzz +0,(A-DK M) +(A—DK1M)T QIT2 +hZ,(A- DK M)
+h(A-DK,MY Z, + \E'E,,

(D2R, 12, (152 By (A= DK MY By =12, 2R,

1,3) e B,(4 —DK/N)+0Q,(4 —DK N)+hZ,(A —DKIN)+7»E”TEA,

(1,6)=R,D+Q,D+hZ,D-M"(K,-K)", (1,7)2(A-DK,M)" @,
(3,3) 2 (H_l)Qn +AE4T|E,11 , (3,5 2 (Al _DKIN)TPIZ’(?”6) 2 _NT(KZ _Kl)r’

(3,7)2(4 -DK,N)'®, (5,52 —%Z” —%R )

Thus, we obtain the following result.
Theorem 3 The system (5) satisfying (4) with
time-varying structured uncertainties (6) is robustly

absolutely stable in the sector [K,,K,] for given A
and U , if there exist real matrices

T
|:I-)ll Pl2:|:|:[-)ll 1312:| >0|:Qll Q12:|
* P22 * P22 * Q22

T T
ZI:Q*II Q12i| >O’|:Z*ll ZlZ:|:|:Z>:l ZIZ:| >O,
QZZ ZZZ ZZ2
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R=R" >0 and a scalar A > 0 such that the matrix
inequality (19) holds.

On basis of Theorem 2, state feedback stabilizing
controllers can be available. Discuss the following

ISETLOPI S, (¢ — d(r)) + Dwie) + Bu(t)
2(¢) = Mx() + Nx(t — d(£))
w(t) = —(t,2(1)) (20)

where u(t) € R? is the controlled input vector, B is
a real constant matrix with appropriate dimensions.
The nonlinear function @(¢,z(¢) satisfying (3),
ie.o(t,z(t) € S[K,,K,].

Suppose

u(t) = Kx(¢) 21)

where K e R”" is a to be determined controller
gain matrix.

Substituting the state feedback controller (21) into
closed-loop system (20) yields

X(t) = (A + BK)x(t) + A,x(t — d (1)) + Dw(t)

Replacing 4 by 4 + BK in (16), one obtains a new
matrix inequality. After that, we pre- and post-multiply
both sides of the newly-obtained inequality by

diag(P' R B R' B I R)

and its transpose .

For simplicity, we introduce notations

1 5 1 — -1 -1
X=PF",K=KR" ()=F ()P then we get
S+HAX T +TX'AT <0 (22)
where
_zll 212 213 0 Z:IS R 216 0 i
1A VA

* 72222 0 A 0 A P, +f 0 0

* * (=00, (L-DQ, 0 Ly 0
= x * * (u-1DQ,, 0 0 0

* * * * T 0 0

* * * * * 21 0

* * * * * * z,

T
A:[(Q]2+hz‘,2)7 000 P, 0 Q22+h222+%h21§},
—|ax+BR-DKMX 0 A4x-DKNX 0 0 D 0
With
= (AX + BK — DK,MX) + (AX + BK — DK,MX)’
+Plz+Plz+Q11+hZu R_hzzzs

- 1~

X,=-PF, +ZZZZ, X, = 4,X - DK, NX,
1A 2

L5 =Py _ZZIZ +ZR>

S.=D-XM"(K,-K)",

2y = —)ﬁ\/T(K2 —KI)T,
1 4 2 4 A A l1,,»
__ZZH _h_zR’ Yy ==0, —hZy _Eh2R-

M
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In fact, the following inequality always holds

AXTT+TX AT < AJ'AT +TX X 'TT (23)

foranyJ =J" >0.

Substituting (23) into (22) and applying Schur
complement yields

> A r
* ] 0 <0
*ox _XxJ'X

24
In view of X = P K KP11 , the memory less

state feedback control law can be expressed as
u=KX _lx(t).

To summarize up the aforementioned, we achieve
Theorem 4.

Theorem 4 For given 4 and /i, closed-loop system
(20) satisfying (4) with @(t,z(¢) € S[K|,K,] is
absolutely stable if there exist

}3:{): [jz}:{): {’12} Q |:Q11 Q12i|

~ ~ T ~
:{Qn Q12:| >0 ZA:{ZH le:| |:le :| >0
* sz * Zzz * Zzz

R=R">0-J=J">0 and real constant matrix
K with appropriate dimensions such that (24) holds.
Moreover, a memoryless state feedback control law is
given by u = KX ' x(t)

Remark 5 It should be pointed out that (24) in
Theorem 4 is no longer LMI due to the existence
of nonlinear term — X/ ' X, and a state feedback
controllers gain matrix “K” cannot be solved directly
by a convex optimization algorithm. In order to solve
“K”, researchers have found some effective approaches.
There are two simple methods. One is to set X = A1J ,

where A is a tuning parameter. In this case, (24) can be
converted into

> A r
* 27X 0 |<0
* * _IX

25
The other is to use the relation xj'x > 2X_f] b)y
noting the fact that the following inequality
holds for any X =Xx"and J=J" >0 with
appropriate dimensions.
Then inequality (26) can guarantee (24) holds

X A I
* ] 0 <0
* % Jo2X (26)

Although inequality (25),(26) are Linear Matrix
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Inequality, such treatment will lead to considerable
conservatism.

In the literature , an iterative algorithm
was presented to solve this problem and obtain a
suboptimal solution. For detail, see ([26], 2711291 gpd BY
etc ). For reason of space, one omits it here.

Remark 6 Similar to Theorem 4, we can also obtain
state feedback controllers to robustly stabilize for
system (5) via Theorem 3.

[26,27) o q (290

4 Numerical examples

In this section, we provide illustrative example
to demonstrate the effectiveness of the proposed
method.

Table 1. Maximum allowable delay bounds h for various u

Example 1 Consider the system described by (5), (3),
(4), (6) and (7) with the following parameters:

—2 0 -1 0
A= 5A1: 5
0 -09 -1 -1
[—0.2
D= ,K, =02,K, =0.5,

-03
M =[03 0.1,N=[0.1 0.2],

0.1 0 1 0
L= JE =E = .
0 0.1 0 1

The maximum allowable delay bound (MADB)
provided by Theorem 3 in this paper for Example 1 is
listed in Table 1 for different values of £ .

2 0.00 0.30 0.60 0.90
[25] 3.3056 2.0787 1.4195 0.9228
[19] 3.3056 2.2262 1.7409 1.4682
[13] 4.1077 2.4335 1.8718 1.7077
Theorem 3 4.1077 2.5280 1.9245 1.7302

From Table 1, one can see the proposed robust
stability criterion has less conservatism than those in
the existing literature.

5 Conclusion

The problem of absolute stability for a class of
nonlinear systems has been addressed and absolute
stability criteria with the general sector condition have
been obtained. In order to reduce the conservatism of
the criteria, a modified augmented LK functional was
constructed and neither model transformation nor the
bounding techniques for cross terms were used. Based
on the improved absolute stability criteria, a feedback
stabilizing controllers have been designed. Finally,
numerical example verifies the effectiveness of the
proposed criteria.
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