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1 Introduction

Many dynamical systems in physics and engineering
are characterized by the property of possessing a
bounded absorbing set which all trajectories enter in
a finite time and thereafter remain inside'*. They
are modeled by dissipative dynamical systems. In the
study of dissipative systems it is often the asymptotic
behavior of the system that is of interest, and so it
is important to analyze whether or not numerical
methods inherit the dissipativity of the dynamical
systems when considering the applicability of
numerical methods for these systems.

Humphries and Stuart™ * first studied the
dissipativity of Runge—Kutta methods for initial value
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problems (IVPs) of ordinary differential equations
(ODEs) in1994, and proved that an algebraically
stable, irreducible method can inherit the dissipativity
of finite-dimesional systems. Later, many results on
the dissipativity of numerical methods for ODEs
have already been found” . For the delay differential
equations (DDEs) with constant delay, Huang"
gave a sufficient condition for the dissipativity of
theoretical solution, and investigated the dissipativity
of (k, [) -algebraically stable Runge—Kutta methods.
Huang and Chen "' and Huang"", subsequently,
obtained some results about the dissipativity of linear
f-methods and G(c, p, 0) -algebraically stable one-leg
methods, respectively. In addition, Huang "' further
discussed the dissipativity of multistep Runge-
Kutta methods, and proved that an algebraically
stable, irreducible multistep Runge-Kutta methods
with linear interpolation procedure is finite-
dimensional dissipative. In 2004, Tian " studied the
dissipativity of DDEs with a bounded variable lag
and the dissipativity of # -method. Moreover, Wen'"”
discussed the dissipativity of Volterra functional
differential equations, and further investigated the
dissipativity of DDEs with piecewise delays and a
class of linear multistep methods. In recent years, a
number of works on the dissipativity of numerical
methods have been carried out. Gan"*'" studied the
dissipativity of numerical methods for nonlinear
integro differential equations(IDEs), nonlinear delay-
integro-differential equations(DIDEs) and nonlinear
pantograph equations, respectively. As to nonlinear
Volterra delay-integro-differential Equations, it was
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shown that for & € [1/2, 1], any linear #-method
and one-leg method can inherit the dissipativity
property, which was obtained by Gan'”. In addition,
Cheng and Huang """, Wen et al®” and Wang et
al®" considered the dissipativity for nonlinear
neutral delay differential equations(NDDEs). Wu
and Gan ®* consider the dissipativity for a class of
nonlinear neutral delay integro differential equations
(NDIDESs). So far we have not seen in literature more
dissipativity results for nonlinear NDIDEs.

This paper pursues this, and further investigates the
dissipativity of multistep Runge-Kutta methods for
nonlinear NDIDEs. The motivations are as follows.
Multistep Runge-Kutta methods are a wider class of
methods which has as special cases not only one-leg
methods, linear multistep methods, and Runge-Kutta
methods, but also a wide range of hybrid methods. In
particular, there exist algebraically stable multistep
Runge-Kutta methods with only real eigenvalues such
that they not only possess very good stability, but also
can be performed in parallel.

2 The description of the problem and num-
erical Methods

Let H be a real or complex, finite dimensional or
infinite-dimensional Hilbert space with the inner
product (+,-) and the corresponding induced

norm|-|, and the matrix norm is subordinated to the
vector norm. X be a dense continuously imbedded

subspace of H. Consider the following initial value
problems (IVPs) of nonlinear NDIDEs:

S O R R S TOR RN AR VN

y(@)=0(),— <t<0.
(2.1)
where is a given constant delay, NE X x X stands
for a constant matrix with ||N|| <, ¢:[-T,0]>X

is a continuous function, [ XxXxX—>H
is a locally Lipschitz continuous function,

g:[0,40)x[T,+0)x X —> X 1is a continuous
function, f'and satisfy the following conditions:
Re<u - N, f(u,v, w)> <B, + [31||u||2 + [52||v||2 + [33||w||2,

u,v,we X,
(2.2)

and

where £, £, f», 5 and 5 are real constants.

—T,+0), ue X
(2.3)
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Throughout this paper, we assume that the problem
(2.1) has unique exact solution y(¢). For the study of
solvability, we refer the reader to ™.
Reark2.1. When N=0, the problem (2.1) degenerates
into an IVP of DIDEs. When the right-hand side
function of the problem (2.1) does not possess the
integral term, the problem (2.1) degenerates into an
IVP of NDDEs. When N=0 and the right-hand side
function of the problem (2.1) does not possess the
integral term, the problem (2.1) degenerates into
an IVP of DDEs. In the above various cases, the
number of papers dealing with different aspects of
their numerical integration now amounts to several
hundreds.
Proposition 2.2!""' . Condition (2.2) implies that
Po=0,p,=0and S; = 0.

Next, let us consider the adaptation of s-stage
multistep Runge-Kutta methods for solving problem
(2.1) based on the formula

,
(n) y(m _
YO = NE =3 a, (v, -
j=l

-Ny,., =Zlej(yn+j4 -
=

Ny, )+ B b f(Y Y G i=1.2, 5.
j=1

N3, )+ B3y TG,
(2.4)
where #>0 is the fixed stepsize, the parameters
a;, by, 0;and v; are real constants, Y™ and y, are
approximation to y(¢,+c;#) and y(t,), respectively,
and t,=nh. The argument Y,"”,G"”, and ¥,
denotes an approximation to y(t, +ch—-1)

J;i‘*':]lh,r g(tn +Cih’éay(g))d§ and y(tn —’E) ,

are obtained by a specific interpolation procedure

those

using values y® and V., (k <n) . The initial values
¥, =0(t,). 5, =0(t, —t)forz, <0,and Y =o(t, +¢,h)

Y =¢(t, +c,h-1) for t, +c;h<0. Following the
referee s suggestion, we assume that 0<¢; <1,
i=12,--,s

As to the computation of the delay terms Y, and
integral terms G, i =12, --,5, we use the constrained
stepsize & satisfying ~Am=t with a positive integer m.
Let
YO =y""i=12,,s (2.5a)
Vo= Vum - (2.5b)
and the compound quadrature (CQ) formula for the
integral terms:

G(n) _hzv g(t(") t(" q) Y(n q))

,i=12,-+,5. (2.5¢)

Wheret(") =t, +ch.i=12,-
The quadrature formula (2. 5c) can be derived from
a uniform repeated rule "’ For our stability analysis
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we need the rule to satisfy the following condition:

h\/(m+1)zm:yvq\z <v

with ~im=t and a positive constant v.

Remark 2.3. We consider the procedure (2.5) here
because, in the case that the order of the method is
more than 2, there will be no order reduction if the
corresponding quadrature rule is used. But it must be
noticed that the stepsize 4 is limited by mh=t .

The used values ¥, and y, with n<-m <0
are assumed to be 0. Here, we do not discuss other
details.

It is well known that multistep Runge-Kutta
methods are a subclass of a general linear methods.
Let

(2.6)

Cll =[bij]ERSXS’ C12 =[aij]ERsxr, (2.7a)
[0 -~ 0
C — : eRrXS
21 0 0
_YI ’Ys ’
0 1 0 0|
0 0 1 0
c,=|t ¢ o i |er™
o o -+ 0 1
_el e2 9;’71 6r (27b)

For any given k x [ real matrix O=[g;], we define
the corresponding linear operator Q: X' — X,
QU:V:(vl,vz,w-,vk)eXk,

U=u,,u,, u)eX  u X,
with

/
Vi :Z_;qij”w i=12,-, k.

Then, method (2.3) can be rewritten in the form of
general linear method

{G(”) =hC”F(Y(”),17("),5(”))+C12g(”’”,

g(n) — hCZIF(Y(n) , y ™ .G (n) )+ szg(n—l) .
with the following notational conventions:
Y(n) = (Yl(ﬂ),Yz(”)’___’Ys(”))T >
FO=@@®, 7", YO,
G"=G™",G™,-. S(_;(n))T
G = (1 S NE Y S NE, o 0 - NT )
g(’l) (:)(yl?l )_]_V(yrgﬂ 5yn+2 _(]\)/yriZ( ’)' ’ 'L.)()n;rr - Wn+r) s
F@ Y06 =, 07,6,
n) v (n) ~(n n) v (n) ~(n T
S ,G ) S Y, G

(2.8)

Distributed under creative commons license 4.0

We introduce the following notations for brevity,
for any real symmetric p x p matrix O=[g;], and
0 20(>0) means that Q is nonnegative definite
(positive definite). For any O 20, define a pseudo
inner product on H " by

P
<Y’Z>Q = qij<Yi’Zj>’Y:(Yl,Y2 ,

i,j=1
Z=(Z2,2,,-,Z,)eH",
and the corresponding pseudo norm on H* by

¥, =(r.v),”

.,Yp)er,

Especially |||| is the simplicity for ””Q when Q is
identity matrix.
Definition2.4. Let k, / be real constants. A multistep
Runge-Kutta method (2.4) is said to be(k, /)
-algebraically stable if there exists a real symmetric
r x r matrix G>0 and a diagonal matrix D=diag(d,, d,,
-, d) such that M =[M ;]2 0 where

| ¥6-chGe, —ackpe,
DC,, - C1GC,, —2ICDC,,

C,D-C,,GC, —2IC.DC,,

C.\D+ DC,, —C,,GC,, —2IC/DC,, (2.9)

As an important special case, a(1,0)-algebraically
stable method is called algebraically stable for short.
Definition2.5. Let / be a real constant, and H be a
finite-dimensional (or infinite-dimensional) space.
A multistep Runge-Kutta method (2.4) with an
interpolation procedure and integral terms are said
to be finite-dimensionally (or infinite-dimensionally)
D(]) dissipative if, when the method is applied to
problem (2.1) in H withstepsize / satisfying
d(B,h+ Bk + hBn™?) < Id,, (1~[N])?
(or d(Byh+Boh+ hPn*v?) <ld(1=[N])?)

and constraint t=mh, where dpn =Mind; and

1<j<s

d= Zd J, there exists a constant C such that, for any
=
initial values, there exists an n, , dependent only on

initial values, such that
y.[<C.n>n,,
holds. As an important special case, a D(0)
-dissipative method is called D-dissipative for short.
GD(!l) -and GD-dissipativity are defined by
dropping restriction t=mh.
Definition 2.6""". A multistep Runge-Kutta method
(2.4) is said to be stage-reducible if, for some
nonempty index set 7 < {L2,---, s},
v, =0, for jeT,
105
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b, =0, for jeT,igT
Otherwise , it is said to be stage-irreducible.

Definition 2.7. A multistep Runge-Kutta method (2.4)
is said to be step-reducible if polynomials {G; (x)};_,
have common divisor where
G,(x)=x"-Nx" —Z:Gj(xj_1 —Nx’™)

j=1 ,
Gi(x) :Zai/(xjil - ijil)ai :1923'“7S

Jj=1
Otherwise , it is said to be step-irreducible.

Definition 2.8"". A multistep Runge-Kutta method
(2.4) is said to be reducible if it is stage-reducible or
step-reducible.

3 Finite-dimensional numerical dissipativity

In this section, we focus on the dissipativity analysis
of (k, /)-algebraically stable multistep Runge-Kutta
methods with respect to nonlinear NDIDEs in finite-
dimensional spaces. We always assume that H=X=C".
Lemma 3.1"". Suppose {§;(x)}._, are a basis of
polynomials for P™', the space of polynomials of
degree strictly less than » and E is the translation
operator: £y,=y,,.. Then there is always a unique
solution y,, Y1 » -+-» Vair1 to the system of equations
gl(E)yn :Ai > Ai € CN > i=l,2,---,r

and there exists a constant y , independent of A, |

such that
<
o s | X‘ o A, ”
Lemma 3.2"". Suppose that a multistep Runge-Kutta

method (2.4) is step-irreducible. Then, there exist
real constants v;,i =1,2,-+-,s, such that 6,(x) and
Z v,6,(x) have no common divisor.

i=1
Now we state and prove the main results.

Theorem 3.3. Assume that a step-irreducible
multistep Runge-Kutta method (2.4) is (&, /)
-algebraically stable, D>0, />0 and k<], the
problem (2.1) satisfies (2.2) and (2.3) with
d(Bh+ B+ hm>v?) <ld,, (1| N|)* Then the
method (2.4) with (2.5) is finite-dimensionally D(/)-
dissipative.

Proof. From (2.5), using Cauchy-Schwarz
inequality we can obtain

o =fref G.1a)
= n- m|| (3 1b)
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2.2 m
Vv 2
(n—-q)
]
q=0

Therefore

Hg(n) 2

< ZHY(" 4 (3.1¢)

Asin [17] and [15], by means of (%, /)-algebraically
stability of the method, we can easily obtain that

m|?
G

(n=1)

g

g L —2Re(G™ hF (Y. ¥ .G ™)) +21|6" [

(3.2)

(G hF(Y ™. Y™, G ™)+ Cog™™,

—k

G(CLhF (Y™, Y ",G ™)+ Cpyg"™))

n <g<n—l> ’_ng(n—1>)>

+2Re(C WP (Y™, 7™ ,G™)

+C,g"" ~DhF(Y ", Y ,G "))

+(CHhF(Y ™, Y™ ,G ™)+ Chg™™,

2UD(C, hF(Y ", Y ",G ")+ C,g ™))

—_ <<g<n—1> RE(Y™ Y™ GO )>,

M(g" hF (Y™, ¥ ®,G ")) <0
Considering (2.2), (2.3) and f <1, we have

e

+ 2B, |7

<[ [ +2hdp, + 28,4y [

w2, |G|

21HG<">

<[ V| +2ndp, +2p,anfy |’
+2hdB, |7 + 28, |G|

~21d, (v + NP -2y 7))
Using (3.1) and Cauchy-Schwarz inequality, we
have

o <l 2,30 |

+ 2hdp, [y

"+ 2hap, Y
m +

2 2 2
—21d_([y™ )+ 21d )

min

2 +Hf(n)

+[NFfre

NH(HY(H)

min

<[2p,dn-21d,,, -] N[ [2hd[32+2ld rol

+g “H + 2hdB, +2hd[33n i

S|

2T 6

Where
d.. = d d=>d.
“pind, d=%d, ()

By 1nduct10n, we can easily obtain
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O <] [ +20n+ Dhap,

|
+[2,dh - 21d,, 1~ |N]) ZHY “f

+[2nap, +21d

ZZHY wof

~ = (3.5)
When usmg (2 5) and (3. 1) on substitution into

(3.5) gives

g

Y(/)H

+2hdp nt”

<l 2, 2,

D o[+ 2D
Jj=0 2

Y")H

—m<1< 1

s - 200, 0 -V
=0

+[2nap, + 214,

<[¢ | + 201+ Vhap, +2fdp,h+ ap,
OV b T3

+[2dBx + 20, [Nt = | N]ym + dBn vt | max

—m<i<-1

(3.6)
Let A, denote the maximum eigenvalue of the
matrix G,

y® H2

2
v a, = max
b

-m<i<-1

a, = max

0<i<r-1
R, =max(a,,a,),
=, (1- |N||)2 —d(B,h+B,h+hBm 2"2)-
Then, we have i > 0 and

e 2G+2“an“ym”i <[2d[3 t+2ld

Nla=[¥pm

min|

+dBnvt ]max ”“2 + ”g('l)”i +2(n+1)hdB,

—m<i<-]

< (1 + |NDa, +[2dB ¢ +21d

+dBm>vi]a, +2(n + DhdB,

<[, A+ N]) + 2dB x +21d

N =[N

min

+dBn’°vt|R, +2(n+1)hdB, . (3.7)

When B, =0, it follows from (3.7) and it > 0 that
hm‘ Y™l =0

Distributed under creative commons license 4.0

y® “2

which shows that for any ¢ > ( , there exists

ny,(R,,e) >0, such that

v () .
HY_].(") <g HYJHHSS j=12,---,5, n>n,

(3.8)
Hence, (2.4) implies that

o (EXy, - Ny N3, | ALY b, | +e,
=1
i=12,---,5, n2n, ! (3.92)
loy(E), = N9 |2 [, = NF,
_Zej(yn+j—1_N.)—}n+j—l) ShLZ‘YJ’ (39b)
j=1 Jj=1
where

L= sup |f(

Jul<e Jvl<e.wfi<e

, u,v,we X

From Lemma 3.2 it follows that there exist real
constants V;, i=12,---,5, such that 6,(x) and

z V.6, (x) have no common divisor. Therefore,

Y vo (E), - AF,)

which further gives

< i|vi|{h]42‘bij‘ + 8:|, nxn,
i=1 Jj=1 >

<hL

|:GO(E) ZVG (E)}(yn Ny,)

S

(3.10)

\yj\+§|vi|{hz;j\bﬁ\+g}, wen,

Since & ,(x) and © ((x) — Zv G ,(x) are coprime,
i=1
and both are of degree . Hence,

{xiGO(x),xi[Go(x) - ivici(x)]:

i:O,l,---,r—l}

form a basis for P

Jj=

! Considering (3.9), (3.10) and
) {MJZ e
j=1
Z|vi| (hLZ‘bij‘ + SH, forn=nyand B, =0.
i=1 j=1

Therefore,

Lemma 3.1, we have ||yn - Ny

Y

+ [hLz \y ; \ +ZS: v, |(hLZS: \b,.j\ te H
Jj=1 i=1 j=1
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<|v

yn—m

I+ ,{ujm +j|vi|[th\b,.j\ . H
=1 i1 =1

lehLi ‘yj‘ +Zslvl{hLi b, |+ SH
=1 i=1 =1

1= [¥]
wheren=n,',n,'=m+n,.
When 3, >0, letustaken=2(m+r)g—1,

i

| [N+ 247 + 21 [N = [N+ dBn e ] R, B
1 4(m + ryhdp, :

where the notation | x | means the maximum integer
no greater than x, then

19, L+ | N]) + 2d Bz +21d

N|a-

min

|N[ym + dBn>vic|R, < 4(m + r)ghdp,

It follows from (3.7) that
2(m+r)q 1 »
woy e H <4(m + r)qhdp, .
j=0
which gives

2q- 1(m+r)(1+1) 1 h
> ol ssmen TP
i=0  j=(m+r)i :u
Hence, there exists an integer such thatc €[q,2qg —1] .

hdB,

(m+r)(1,+l) 1

HY(’)H <4(m+r)

(3.12)

Jj=(m+r)c
Let p =(m + r)c +m , then for all ,we have
Jjelp—mp+r-1],

o <ay (3.13)

where

a,"=4(m+r) hdp, .

Therefore, by (2.4) and (2.5), forallne[p,p+r-1],

o (EY, -

yn+j—1)

ij

ShLljZ_;‘bij‘+ L 1,2,+, 5. 6. 14a)
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||GO(E)(yn_Nyn) = yn+r_Wr1+r_zej(yn+j—l
j=1
_NJ—,MH) < (3.14b)
where
Ll = sup ||f(y,Z,(,0) V. Z,® exX,

[l wzl<w.fol<w

where w=,/a, '/dmin .

Therefore,

{ G, (E) - ZVZGZ(E)}(y -

+Z|vi |{hL1 Z‘by‘ + \/Zz}
i=1 Jj=1 i

withne[p,p+r—1].
Considering (3.14), (3.15), lemma 3.1 and lemma
3.2, similar to (3.11), we have

) < hL Z‘y ‘

(3.15)

,ne[p,p+r-1], (3.16)
where
. 2
:X{Mlz‘yf‘+Z|Vi|(hLlZ‘bv‘+\/ZZH .
j=1 i=1 j=1 i
Let

R, =max(q,',a,").
A repetition of the above analysis implies that
there exists a ,

pelp+(m+r)g+m,p+2q'-1)(m+r)+m]

|+ N + 2dBx + 21, [N~ [N+ dBn ViR, N
7= 4(m + r)hdp, ’
such that
2
HY(”) <a,', ne[p'-m,p+r-1], (3.17)
2 '
Vo =NV Sa)' melp, prr—1] (3.18)

Similar to (3.3), (3.5) and (3.7), forn €[ p, p'], we
can obtain

) ‘i <| g""”“if +2(n- pyhdp, +[2dBx +21d,,

le
IV -[¥pm+ dpn*vie] max v (3.19)
<2(|2dp x +21d,, v

+ A (L + [N])R, +2(2m + r)hdB,
Similar to (3.11), we can obtain

Volume 5; Issue 1



<M1+

J2(fap + 21d, , [N|A =[Ny -+ dBin >ve] + i, 1+ [N])R, +2(2m -+ r)hdB,
<|Nlly.-.. [+

2([2dp 2 +21d, [N|(1= [N+ dB 0 *ve] + 2, (1 [N)R, +22m -+ r)hdB,

Hence, by induction, we have

e
N2[2dp z + 20, V[0~ [N ]+ dBare ] (14 [ND)R,+ 22m + )by
1=[N]

+ max|o( o) (3.20)

for

) Z([24[3 Jo+20d N = [N+ dBn *v2e] + 2, (14 N R, e
2hdp,

and B, >0.

A combination of (3.11) and (3.20) shows that the
method is finite-dimensionally D(/)-dissipative.
Theorem 3.4. Assume that a step-irreducible
multistep Runge-Kutta method (2.4) is (4,
/) -algebraically stable, D>0, /<0 and k<1
, the problem (2.1) satisfies (2.2) and (2.3) with
d(Bh+PByh+hPsn 2V2) <ld ., (1- ||N||)2-Then the
method (2.4) with (2.5) is finite-dimensionally D(/)-
dissipative.

Proof. In the proof of theorem 3.3, change all d,,,
into d, we can get the proof of theorem 3.4.
Theorem 3.5. Assume that a method (2.4) is
irreducible and algebraically stable, the problem (2.1)
satisfies (2.2) and (2.3) with B,/ + B,h + B4 <0, Then,
the method (2.4) with (2.5) is finite-dimensionally
D-dissipative.

Proof. As in "*!, we can prove that, if a stage-
irreducible method (2.4) is algebraically stable for the
matrices G and D, then D>0, therefore, use the proof
of theorem 3.3 for k=1, [=0, we prove this theorem.

4 Infinite- dimensional numerical dissipativity

In this section, we further discuss the dissipativity
of (k, /)-algebraically stable multistep Runge-Kutta
methods in infinite-dimensional spaces. Here we
assume that H is an infinite-dimensional complex
Hilbert space instead of if = X = C".

Theorem 4.1. Assume that a step-irreducible
multistep Runge-Kutta method (2.4) is (k, [)-
algebraically stable, D>0, / >0 and k<1,
the problem (2.1) satisfies (2.2), (2.3) with
d(B,h+ B,k +hBn>v?) <Id,, (1—|N])* Then the

Distributed under creative commons license 4.0

method (2.4) with (2.5) is infinite-dimensionally D(/)-
dissipative.

Proof. Let

p=d(Bhi+ By + hB V) ~1d.,,
when d(Bh+B,h+hpm>v?)<id  (1- ||N||) we
have n <0 . Using (3.3), we deduce that

e[} <K} +2nap, +[2apn-21d,, - [ND] [y
i 20 -l
+ 2th3 v (4.2)

Iteratmg (4 2) and considering (2.6) and (3.1), we
have
- 2 C n—i
g™ +2> k
i=0

e
i, L 14,0~

F23 [th2 +ld

i=0

+ 2th3

< kn+1

min

VDY ]
g( 1)HG +2§kn i

(i, + [ - 1a - VP ]
+ 2Zn:k”7i[dhl32 +1d

i=0

Nja-vpIfref

< kn+l

Na=vpIfr e

min

+ 2th3 k" 'ZHW di
<kg" ”HG +zzkn ’(thO eyl

i=0
+[2p e + 20 [N = [Ny + 2B 0 v [ max |y
<k (‘”Hz 21th° +2Zk” luHYWH
+[2dp e + 2, [N](1 = [N+ 24B 0 *vie] e max [y O
L

min

N| =[N +2dB.n Ve k" max

—-m<i<—1

24P +21d o

(4.3)

where we have used that u < 0.
Thus, for any & >0 there exists 7,>0, such that

2hd

2hdp,
1-k

Similar to (3.11), we can obtain

H g(")

SN2 1 (4.4)
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v+ e, nzn,

2hdp
1 O
[2hdB, e
< L

1= |¥]

with ny'=m + n, , which shows the method (2.4)
with (2.5) is infinite-dimensionally D(/)-dissipative.
Theorem 4.2. Assume that a step-irreducible
multistep Runge-Kutta method (2.4) is (&,
[)-algebraically stable, D>0, /<0 and k<I,
the problem (2.1) satisfies (2.2) ,(2.3) with
d(B,h+Byh+hB V) <ld,, (1-
method (2.4) with (2.5) is infinite-dimensionally D(/)-
dissipative.

Proof. In the proof of theorem 4.1, change all d,,,
into d , we can get the proof of theorem 4.2.
Theorem 4.3. Assume that there exist nonnegative
constants k,, k,, k;<k, , such that the stage-irreducible
method (2.4) is ((1—k,1)/(1-k,l),I)-algebraically
stable for every /<0. Then, the method (2.4) with (2.5)
is infinite-dimensionally D-dissipative.

+ max nzn,'

—T<E<0

S5 Comparison with existing results

(1) When N=0, the problem (2.1) degenerates into an
IVP of DIDEs

YO =f @,y [
y()=0(),~t <t <0.

g(t,, y(§))dS),t 20,

(5.1)
The conditions (2.2) and (2. 3) degenerate 1nt0
Re(u, £ (ut,v, ) < By + By | + B o
u,v,we X,
and

g, s.0] <

(5.3)
Gan " studies the dissipativity of #-methods
for DIDEs (5.1), Qi et al. ' study the dissipativity
of multistep Runge-Kutta methods for nonlinear
VDIDE:s. So far we have not seen in literature other
numerical dissipativity results for nonlinear DIDE:s.
But Theorems 3.3, Theorems 3.4, Theorems 4.1 and
Theorems 4.2 in this paper can be applied to this class
of problem directly, and we can obtain the following
Corollaries.
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Corollary 5.1. Assume that a step-irreducible
multistep Runge-Kutta method (2.4) is
(k, l)-algebraically stable, D>0, />0 and
k<1, the problem (5.1) satisfies (5.2) , (5.3) with
d(B,h+B,h+hBn*v?)<Id_,. Then the method (2.4)
with (2.5) for DIDEs is finite-dimensionally D(/)-
dissipative.
Corollary 5.2. Assume that a step-irreducible
multistep Runge-Kutta method (2.4) is (&, [)-
algebraically stable, D>0, />0 and k<1, the
problem (5.1) satisfies (5.2) , (5.3) with
dB,h+B,h+hBm*v?)<ld . . Then the method
(2.4) with (2.5) for DIDE:s is infinite-dimensionally
D(])-dissipative.

(2) When the right-hand side function of the
problem (2.1) does not possess the integral term, the
problem (2.1) degenerates into an [IVP of NDDEs

0= M-l 7000020,

y@)=0(),—t <t <0. (5.4)
and the fourth term of the right side of condition
(2.2) vanishes and thus (2.2) degenerates into

Re<u — Nv, f(u,v)> <B, + B, ||u||2
u,ve X (5.5)

Wen " studies the dissipativity of §-methods
for nonlinear NDDEs (5.4) ,Wang"™" studies the
dissipativity of Runge-Kutta methods for NDDEs
with piecewise constant delay. So far we have not
seen in literature other numerical dissipativity results
for nonlinear NDDEs. Theorems 3.3, Theorems 3.4,
Theorems 4.1 and Theorems 4.2 in this paper can be
applied to this class of problem directly, and we can
obtain the following Corollaries.
Corollary 5.3. Assume that a step-irreducible
multistep Runge-Kutta method (2.4) is (&, /)
-algebraically stable, D>0, />0 and f <1, the problem
(5.4) satisfies (5.5) with d(B,h+ B,h)<ld ; . Then
the method (2.4) with (2.5) for NDDEs is finite-
dimensionally D(/)-dissipative.
Corollary 5.4. Assume that a step-irreducible
multistep Runge-Kutta method (2.4) is (&, /)
-algebraically stable, D>0, />0 and k<1, the problem
(5.4) satisfies (5.5) with d(B,h+ B,h)<ld ;, . Then
the method (2.4) with (2.5) for NDDEs is infinite-
dimensionally D(/)-dissipative.

(3) When N=0 and the right-hand side function of
the problem (2.1) does not possess the integral term,
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the problem (2.1) degenerates into an IVP of DDEs.
Therefore, the results of Theorems 3.3, Theorems 3.4,
Theorems 4.1 and Theorems 4.2 In this paper partially
cover the numerical dissipativity of multistep Runge-
Kutta for DDEs which is given by Huang in "',
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